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First Order Logic



First Order Logic - Syntax

 Signature Σ = Σ𝐹 ∪ Σ𝑃

o Σ𝐹: function symbols

o Σ𝑃: predicate symbols

o Together with their arities

o Example: 0,1, +,⋅, ≤, ≐ for Presburger arithmetic

 Syntax

o 𝑉𝑎𝑟 is a countable set of variables

o 𝜑 ∷= 𝑃𝑛 𝑡1, 𝑡2, … , 𝑡𝑛 ∣ ⊤ ∣ ¬𝜑0 ∣ 𝜑1 ∧ 𝜑2 ∣ ∀𝑥. 𝜑0
o 𝑡 ∷= 𝑥 ∣ 𝐹𝑛(𝑡1, 𝑡2, … , 𝑡𝑛)



First Order Logic - Semantics

 Interpretetion 𝐼

o 𝐷 is a set (the domain)

o 𝑃𝑛 𝐼 ⊆ 𝐷
𝑛

o 𝐹𝑛 𝐼 ∶ 𝐷
𝑛 → 𝐷

o 𝑥 𝐼 ∈ 𝐷

 Semantics

o 𝐹(𝑡1, 𝑡2, … , 𝑡𝑛) = 𝐹 ( 𝑡1 , 𝑡2 , … , 𝑡𝑛 )

o 𝑃(𝑡1, 𝑡2, … , 𝑡𝑛) iff 𝑡1 , 𝑡2 , … , 𝑡𝑛 ∈ 𝑃

o (Connectives as in porpositional logic)

o ∀𝑥. 𝜑 𝐼 iff 𝜑 𝐼[𝑥←𝑑] for all 𝑑 ∈ 𝐷

 𝐼 ⊨ 𝜑 iff 𝜑 𝐼



Interpretations and formulas

 Models of a formula

o 𝑀𝑜𝑑 𝜑 = {𝐼 ∣ 𝐼 ⊨ 𝜑}

o 𝑀𝑜𝑑 𝑇 =  𝜑∈𝑇𝑀𝑜𝑑(𝜑)

 Satisfiability

o 𝑀𝑜𝑑 𝜑 ≠ ∅

 Validity: ⊨ 𝜑
o 𝐼 ∈ 𝑀𝑜𝑑 𝜑 for all 𝐼

 Entailment: 𝑇 ⊨ 𝜑

o 𝑀𝑜𝑑 𝑇 ⊆ 𝑀𝑜𝑑(𝜑)

 Equivalence: 𝜑 ≡ 𝜓

o 𝑀𝑜𝑑 𝜑 = 𝑀𝑜𝑑(𝜓)



Reduction to Satisfiability

 Validity

o⊨ 𝜑 iff ¬𝜑 is unsatisfiable

 Entailment

o 𝜑 ⊨ 𝜓 iff ⊨ 𝜑 → 𝜓 (Deduction Th.)

o 𝜑 ⊨ 𝜓 iff 𝜑 ∧ ¬𝜓 is unsatisfiable

 Equivalence

o 𝜑 ≡ 𝜓 iff 𝜑 ⊨ 𝜓 and 𝜓 ⊨ 𝜑

o 𝜑 ≡ 𝜓 iff ⊨ 𝜑 → 𝜓 and ⊨ 𝜓 → 𝜑

o 𝜑 ≡ 𝜓 iff 𝜑 ∧ ¬𝜓 and 𝜓 ∧ ¬𝜑 are unsatisfiable



The Satisfiability Problem

 Satisfiability problem

o Instance: a first-order formula 𝜑

o Question: is 𝜑 satisfiable?

 The complement: validity

o Hilbert „Entscheidungsproblem” (1928)

o Validity is undecidable (Church-Turing Th., 1936)

o Validity is semidecidable: e.g. resolution

 Thus satisfiability in FOL is not even semidecidable



Satisfiability Modulo Theories



First Order Theories

 Theory 𝑇 over a signature Σ:
o a set of closed Σ-formulas

 Satisfiability in 𝑇

o 𝑀𝑜𝑑 𝜑 ∩𝑀𝑜𝑑(𝑇) ≠ ∅

 Validity in 𝑇: ⊨𝑇 𝜑
o 𝐼 ∈ 𝑀𝑜𝑑(𝜑) for all 𝐼 ∈ 𝑀𝑜𝑑(𝑇)

 Entailment in 𝑇: 𝜑 ⊨𝑇 𝜓

o 𝑀𝑜𝑑 𝜑 ∩𝑀𝑜𝑑 𝑇 ⊆ 𝑀𝑜𝑑 𝜓 ∩𝑀𝑜𝑑 𝑇

 Theory of an interpretation:

o 𝑇ℎ 𝐼 = {𝜑 ∣ 𝐼 ⊨ 𝜑}

o 𝑇ℎ 𝔗 =  𝐼∈𝔗𝑇ℎ(𝐼)



Motivation

 First order logic is undecidable

 However, it can be restricted

o Syntactically

o Semantically

to enable efficient decision procedures

 First order theories



Equality with uninterpreted symbols

 Σ = ≐, 𝑓1, 𝑓2, … , 𝑝1, 𝑝2, …
o ≐ is an interpreted symbol
o 𝑓1, 𝑓2, … , 𝑝1, 𝑝2, … are uninterpreted symbols

 Axioms of ℰ𝒰ℱ:
1. ∀𝑥. 𝑥 ≐ 𝑥
2. ∀𝑥, 𝑦. 𝑥 ≐ 𝑦 → 𝑦 ≐ 𝑥
3. ∀𝑥, 𝑦, 𝑧. 𝑥 ≐ 𝑦 ∧ 𝑦 ≐ 𝑧 → 𝑥 ≐ 𝑧
4. ∀𝑥1, 𝑦1, … x𝑛, 𝑦𝑛.

 
𝑖=1

𝑛

𝑥𝑖 ≐ 𝑦𝑖 →𝑓 𝑥1, … , 𝑥𝑛 ≐ 𝑓(𝑦1, … , 𝑦𝑛)

1. ∀𝑥1, 𝑦1, … x𝑛, 𝑦𝑛.

 
𝑖=1

𝑛

𝑥𝑖 ≐ 𝑦𝑖 →(𝑝 𝑥1, … , 𝑥𝑛 ↔ 𝑝 𝑦1, … , 𝑦𝑛 )

 Undecidable in general
 NP-complete for quantifier-free fragment



Linear Arithmetic

 Linear arithmetic ℒ𝒜

 𝑐𝑖𝑥𝑖 ≤ 𝑏

o ℒ𝒜(ℚ): P

o ℒ𝒜(ℤ): NP-complete

 Unit-two-variable-per-inequality 𝒰𝒯𝒱𝒫ℐ
𝑥𝑖 ± 𝑥𝑗 ≤ 𝑏

o𝒰𝒯𝒱𝒫ℐ(ℤ): P

 Difference logic 𝒟ℒ
𝑥𝑖 − 𝑥𝑗 ≤ 𝑏



Example

 ℒ𝒜(ℚ):

ℓ0 = 0 ∧ 𝑥0 = 0
ℓ1 = 1 ∧ 𝑥1 = 0 ∧ 𝑑1 ≥ 0

ℓ2 = 0 ∧ 𝑥2 = 𝑥1 + 𝑑1 ∧ 𝑥2 ≤ 2 ∧ 𝑥2 ≥ 1

0 1

𝑥 ≤ 2

𝑥 ≔ 0

𝑥 ≥ 1



Arrays

 Σ = {𝑟𝑑,𝑤𝑟, ≐}

 Axioms:

1. Axioms of equality for 𝑟𝑑, 𝑤𝑟

2. ∀𝑎, 𝑖, 𝑣. 𝑟𝑑 𝑤𝑟 𝑎, 𝑖, 𝑣 , 𝑖 ≐ 𝑣

3. ∀𝑎, 𝑖, 𝑗, 𝑣. 𝑖 ≠ 𝑗 → 𝑟𝑑 𝑤𝑟 𝑎, 𝑖, 𝑣 , 𝑗 ≐ 𝑟𝑑 𝑎, 𝑗

4. ∀𝑎, 𝑏. (∀𝑖. 𝑟𝑑 𝑎, 𝑖 ≐ 𝑟𝑑 𝑏, 𝑖 → 𝑎 ≐ 𝑏)

 Quantifier-free fragment is NP-complete



LISP-like Lists

 Σ = 𝑐𝑜𝑛𝑠, 𝑐𝑎𝑟, 𝑐𝑑𝑟, 𝑎𝑡𝑜𝑚,≐

 Axioms

1. Axioms for equality for 𝑐𝑜𝑛𝑠, 𝑐𝑎𝑟, 𝑐𝑑𝑟, 𝑎𝑡𝑜𝑚

2. ∀𝑥, 𝑦. 𝑐𝑎𝑟 𝑐𝑜𝑛𝑠 𝑥, 𝑦 ≐ 𝑥

3. ∀𝑥, 𝑦. 𝑐𝑑𝑟 𝑐𝑜𝑛𝑠 𝑥, 𝑦 ≐ 𝑦

4. ∀𝑥. (¬𝑎𝑡𝑜𝑚 𝑥 → 𝑐𝑜𝑛𝑠 𝑐𝑎𝑟 𝑥 , 𝑐𝑑𝑟 𝑥 ≐ 𝑥)

5. ∀𝑥, 𝑦. (¬𝑎𝑡𝑜𝑚(𝑐𝑜𝑛𝑠(𝑥, 𝑦)))



Combination of Theories

 Nelson-Oppen Combination Method

o Σ1 ∩ Σ2 = ≐

o 𝑇1 and 𝑇2 are stably infinite: satisfiable quantifier-free
formulas have an infinite model

Then the quantifier-free fragment of the combined
theory 𝑇1⊕𝑇2 is decidable



Basic idea

 Purification
𝜑: 1 ≤ 𝑥, 𝑥 ≤ 2, 𝑓(𝑥) ≠ 𝑓(1), 𝑓(𝑥) ≠ 𝑓(2)



𝜑1: 1 ≤ 𝑥, 𝑥 ≤ 2, 𝑦 ≐ 1, 𝑧 ≐ 2
𝜑2: 𝑓 𝑥 ≠ 𝑓(𝑦), 𝑓(𝑥) ≠ 𝑓(𝑧)

 Partitioning
o {{𝑥, 𝑦, 𝑧}} – inconsistent with 𝜑2
o { 𝑥, 𝑦 , {𝑧}} – inconsistent with 𝜑2
o { 𝑥, 𝑧 , {𝑦}} – inconsistent with 𝜑2
o { 𝑥 , {𝑦, 𝑧}} – inconsistent with 𝜑1
o { 𝑥 , 𝑦 , {𝑧}}

• In ℒ𝒜(ℤ): inconsistent with 𝜑1 UNSAT
• In ℒ𝒜(ℚ): consistent with 𝜑1 (and 𝜑2)  SAT



Some Combined Theories



Examples

 ℒ𝒜(ℤ) + Arrays

∀𝑖. 𝑟𝑑 𝑎, 𝑖 ≤ 𝑟𝑑(𝑎, 𝑖 + 1)

 ℰ𝒰ℱ + ℒ𝒜(ℤ) + Lists

𝑎𝑡𝑜𝑚 𝑥 → 𝑙 𝑥 ≐ 1

¬𝑎𝑡𝑜𝑚 𝑥 → 𝑙 𝑥 ≐ 𝑙 𝑐𝑎𝑟 𝑥 + 𝑙(𝑐𝑑𝑟(𝑥))



SMT Solving

 Eager SMT Solving:

o Transform the formula to an equisatisfiable
propositional formula

 Boolean reasoning + Theory reasoning

o Naive approach

• transform to DNF

• reason only about conjuncts of theory atoms

o More efficient approach:

• Enumerate conjuncts lazily with a SAT solver

 Lazy SMT Solving



Lazy SMT Solving

∧

DPLL-Solver

P2T

T2P

T-Solver

¬ UNSAT

SAT



Lazy SMT Solving

0 ≤ 𝑥1 + 2𝑥2 ∨ 𝑝

¬ 0 ≤ −3𝑥1 − 𝑥2 + 1 ∨ ¬𝑞

0 ≤ −3𝑥1 − 𝑥2 + 1

0 ≤ −3𝑥2 − 2 ∨ 𝑞

¬𝑝 ∨ 𝑞

∧

DPLL-Solver

P2T

T2P

T-Solver

¬ UNSAT

SAT

𝜑



Lazy SMT Solving

𝑎 ∨ 𝑝

¬𝑏 ∨ ¬𝑞

𝑏

𝑐 ∨ 𝑞

¬𝑝 ∨ 𝑞

∧

DPLL-Solver

P2T

T2P

T-Solver

¬ UNSAT

SAT

𝜑𝑃



Lazy SMT Solving

𝑎 ↦ 1

𝑏 ↦ 1

𝑐 ↦ 1

𝑝 ↦ 0

𝑞 ↦ 0

∧

DPLL-Solver

P2T

T2P

T-Solver

¬ UNSAT

SAT

[sat] : 𝜇



Lazy SMT Solving

0 ≤ 𝑥1 + 2𝑥2

0 ≤ −3𝑥1 − 𝑥2 + 1

0 ≤ −3𝑥2 − 2

∧

DPLL-Solver

P2T

T2P

T-Solver

¬ UNSAT

SAT

𝜑′



Lazy SMT Solving

{

0 ≤ 𝑥1 + 2𝑥2,

0 ≤ −3𝑥1 − 𝑥2 + 1,

0 ≤ −3𝑥2 − 2

}

∧

DPLL-Solver

P2T

T2P

T-Solver

¬ UNSAT

SAT
[unsat] : 𝜂



Lazy SMT Solving

0 ≤ 𝑥1 + 2𝑥2 ∨ 𝑝

¬ 0 ≤ −3𝑥1 − 𝑥2 + 1 ∨ ¬𝑞

0 ≤ −3𝑥1 − 𝑥2 + 1

0 ≤ −3𝑥2 − 2 ∨ 𝑞

¬𝑝 ∨ 𝑞

¬ 0 ≤ 𝑥1 + 2𝑥2 ∨
¬ 0 ≤ −3𝑥1 − 𝑥2 + 1 ∨
¬(0 ≤ −3𝑥2 − 2)

∧

DPLL-Solver

P2T

T2P

T-Solver

¬ UNSAT

SAT

𝜑 ≔ 𝜑 ∧ ¬𝜂



Lazy SMT Solving

𝑎 ∨ 𝑝

¬𝑏 ∨ ¬𝑞

𝑏

𝑐 ∨ 𝑞

¬𝑝 ∨ 𝑞

¬𝑎 ∨ ¬𝑏 ∨ ¬𝑐

∧

DPLL-Solver

P2T

T2P

T-Solver

¬ UNSAT

SAT

𝜑𝑃



Lazy SMT Solving

∧

DPLL-Solver

P2T

T2P

T-Solver

¬ UNSAT

SAT

𝑎 ∨ 𝑝 ¬𝑎 ∨ ¬𝑏 ∨ ¬𝑐

¬𝑏 ∨ ¬𝑐 ∨ 𝑝 ¬𝑝 ∨ 𝑞

¬𝑏 ∨ ¬𝑐 ∨ 𝑞 𝑐 ∨ 𝑞

¬𝑏 ∨ 𝑞¬𝑏 ∨ ¬𝑞

¬𝑏𝑏

⊥

[unsat] : 𝜋



SMT in practice

 http://rise4fun.com/z3/tutorial

http://rise4fun.com/z3/tutorial

