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N-királynő probléma hatékony C kódja

t ( a , b , c ){ i n t d=0,e=a&~b&~c , f =1; i f ( a ) f o r ( f =0;d=(e−=d)&−e ; f+=t ( a−d , ( b+d )∗2 , (
c+d ) / 2 ) ) ; return f ; } main ( q ){ s c an f ( "%d" ,&q ) ; p r i n t f ( "%d\n" , t (~(~0<<q ) , 0 , 0 ) ) ; }

queens.c

Definíció (N-királynő probléma)
Megadja, hogy N királynőt hány féle képpen lehet egy NxN-es
sakktáblán elhelyezni.

$ gcc queens . c −o queens
$ . / queens
8
92
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i f ( a )

f o r ( f =0; d=( e−=d)&−e ;
f+=t ( a−d , ( b+d )∗2 , ( c+d ) / 2 ) ) ;

return f ;
}
main ( q ){

s c an f ( "%d" ,&q ) ;
p r i n t f ( "%d\n" , t (~(~0<<q ) , 0 , 0 ) ) ;

}

i n t t ( i n t a , i n t b , i n t c ) {
i n t d , e=a&~b&~c , f =1;
i f ( a )

f o r ( f =0; d=e&−e ; e−=d)
f += t ( a−d , ( b+d )∗2 , ( c+d ) / 2 ) ) ;

return f ;
}
i n t queens ( i n t n ) {

return t (~(~0<<n ) , 0 , 0 ) ;
}

Kód tördelése

Típus információk hozzáadásaANSI C szerint mi az értéke?

?

ANSI C konform kód előállításaI/O nem érdekes, csak az algoritmus
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Algoritmus leírása halmazokkal

i n t t ( i n t a , i n t b , i n t c ) {
i n t d , e=a&~b&~c , f =1;
i f ( a )

f o r ( f =0; d=e&−e ; e−=d)
f += t ( a−d , ( b+d ) ∗2 ,

( c+d ) /2 ) ) ;
return f ;

}
i n t queens ( i n t n ) {

return t (~(~0<<n ) , 0 , 0 ) ;
}

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d} , succ (b∪{d} ) ,

pred (c∪{d} ) )
e ← e \ {d}

return f
i n t queens ( i n t n )

return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

Visszalépéses keresés (backtracking):
- t() helyezi el a sorokban a királynőket
- a,b,c: {0,1,. . . ,n-1} részhalmazát jelöli,
i eleme a halmaznak, ha az i . bit 1

Bitművelet → halmazművelet:

- Halmaz kivonás
- Üreshalmaz vizsgálat
- Legkisebb elem kiválasztása

011010= e
100110=−e (kettes kompl.)
000010= e&− e

Bitművelet → halmazművelet:

- a-ban szereplő d elem törlése
- b és c-ben nem szereplő új elem felvétele
- Minden elem növelése/csökkentése

a ⊃ e ⊃ dd 6∈ b
d 6∈ c

Izsó Benedek Budapesti Műszaki és Gazdaságtudományi Egyetem - Hibatűrő Rendszerek Kutatócsoport
C programok formális verifikációja a Why3 keretrendszerrel



A Why3 platform N királynő probléma Algoritmus verifikációja Tételbizonyítás Összefoglalás

Algoritmus leírása halmazokkal

i n t t ( i n t a , i n t b , i n t c ) {
i n t d , e=a&~b&~c , f =1;
i f ( a )

f o r ( f =0; d=e&−e ; e−=d)
f += t ( a−d , ( b+d ) ∗2 ,

( c+d ) /2 ) ) ;
return f ;

}
i n t queens ( i n t n ) {

return t (~(~0<<n ) , 0 , 0 ) ;
}

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d} , succ (b∪{d} ) ,

pred (c∪{d} ) )
e ← e \ {d}

return f
i n t queens ( i n t n )

return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

Visszalépéses keresés (backtracking):
- t() helyezi el a sorokban a királynőket
- a,b,c: {0,1,. . . ,n-1} részhalmazát jelöli,
i eleme a halmaznak, ha az i . bit 1

Bitművelet → halmazművelet:

- Halmaz kivonás
- Üreshalmaz vizsgálat
- Legkisebb elem kiválasztása

011010= e
100110=−e (kettes kompl.)
000010= e&− e

Bitművelet → halmazművelet:

- a-ban szereplő d elem törlése
- b és c-ben nem szereplő új elem felvétele
- Minden elem növelése/csökkentése

a ⊃ e ⊃ dd 6∈ b
d 6∈ c

Izsó Benedek Budapesti Műszaki és Gazdaságtudományi Egyetem - Hibatűrő Rendszerek Kutatócsoport
C programok formális verifikációja a Why3 keretrendszerrel



A Why3 platform N királynő probléma Algoritmus verifikációja Tételbizonyítás Összefoglalás

Algoritmus leírása halmazokkal

i n t t ( i n t a , i n t b , i n t c ) {
i n t d , e=a&~b&~c , f =1;
i f ( a )

f o r ( f =0; d=e&−e ; e−=d)
f += t ( a−d , ( b+d ) ∗2 ,

( c+d ) /2 ) ) ;
return f ;

}
i n t queens ( i n t n ) {

return t (~(~0<<n ) , 0 , 0 ) ;
}

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d} , succ (b∪{d} ) ,

pred (c∪{d} ) )
e ← e \ {d}

return f
i n t queens ( i n t n )

return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

Visszalépéses keresés (backtracking):
- t() helyezi el a sorokban a királynőket
- a,b,c: {0,1,. . . ,n-1} részhalmazát jelöli,
i eleme a halmaznak, ha az i . bit 1

Bitművelet → halmazművelet:
- Halmaz kivonás

- Üreshalmaz vizsgálat
- Legkisebb elem kiválasztása

011010= e
100110=−e (kettes kompl.)
000010= e&− e

Bitművelet → halmazművelet:

- a-ban szereplő d elem törlése
- b és c-ben nem szereplő új elem felvétele
- Minden elem növelése/csökkentése

a ⊃ e ⊃ dd 6∈ b
d 6∈ c

Izsó Benedek Budapesti Műszaki és Gazdaságtudományi Egyetem - Hibatűrő Rendszerek Kutatócsoport
C programok formális verifikációja a Why3 keretrendszerrel



A Why3 platform N királynő probléma Algoritmus verifikációja Tételbizonyítás Összefoglalás

Algoritmus leírása halmazokkal

i n t t ( i n t a , i n t b , i n t c ) {
i n t d , e=a&~b&~c , f =1;
i f ( a )

f o r ( f =0; d=e&−e ; e−=d)
f += t ( a−d , ( b+d ) ∗2 ,

( c+d ) /2 ) ) ;
return f ;

}
i n t queens ( i n t n ) {

return t (~(~0<<n ) , 0 , 0 ) ;
}

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d} , succ (b∪{d} ) ,

pred (c∪{d} ) )
e ← e \ {d}

return f
i n t queens ( i n t n )

return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

Visszalépéses keresés (backtracking):
- t() helyezi el a sorokban a királynőket
- a,b,c: {0,1,. . . ,n-1} részhalmazát jelöli,
i eleme a halmaznak, ha az i . bit 1

Bitművelet → halmazművelet:
- Halmaz kivonás
- Üreshalmaz vizsgálat

- Legkisebb elem kiválasztása

011010= e
100110=−e (kettes kompl.)
000010= e&− e

Bitművelet → halmazművelet:

- a-ban szereplő d elem törlése
- b és c-ben nem szereplő új elem felvétele
- Minden elem növelése/csökkentése

a ⊃ e ⊃ dd 6∈ b
d 6∈ c

Izsó Benedek Budapesti Műszaki és Gazdaságtudományi Egyetem - Hibatűrő Rendszerek Kutatócsoport
C programok formális verifikációja a Why3 keretrendszerrel



A Why3 platform N királynő probléma Algoritmus verifikációja Tételbizonyítás Összefoglalás

Algoritmus leírása halmazokkal

i n t t ( i n t a , i n t b , i n t c ) {
i n t d , e=a&~b&~c , f =1;
i f ( a )

f o r ( f =0; d=e&−e ; e−=d)
f += t ( a−d , ( b+d ) ∗2 ,

( c+d ) /2 ) ) ;
return f ;

}
i n t queens ( i n t n ) {

return t (~(~0<<n ) , 0 , 0 ) ;
}

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d} , succ (b∪{d} ) ,

pred (c∪{d} ) )
e ← e \ {d}

return f
i n t queens ( i n t n )

return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

Visszalépéses keresés (backtracking):
- t() helyezi el a sorokban a királynőket
- a,b,c: {0,1,. . . ,n-1} részhalmazát jelöli,
i eleme a halmaznak, ha az i . bit 1

Bitművelet → halmazművelet:
- Halmaz kivonás
- Üreshalmaz vizsgálat
- Legkisebb elem kiválasztása

011010= e
100110=−e (kettes kompl.)
000010= e&− e

Bitművelet → halmazművelet:

- a-ban szereplő d elem törlése
- b és c-ben nem szereplő új elem felvétele
- Minden elem növelése/csökkentése

a ⊃ e ⊃ dd 6∈ b
d 6∈ c

Izsó Benedek Budapesti Műszaki és Gazdaságtudományi Egyetem - Hibatűrő Rendszerek Kutatócsoport
C programok formális verifikációja a Why3 keretrendszerrel



A Why3 platform N királynő probléma Algoritmus verifikációja Tételbizonyítás Összefoglalás

Algoritmus leírása halmazokkal

i n t t ( i n t a , i n t b , i n t c ) {
i n t d , e=a&~b&~c , f =1;
i f ( a )

f o r ( f =0; d=e&−e ; e−=d)
f += t ( a−d , ( b+d ) ∗2 ,

( c+d ) /2 ) ) ;
return f ;

}
i n t queens ( i n t n ) {

return t (~(~0<<n ) , 0 , 0 ) ;
}

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d} , succ (b∪{d} ) ,

pred (c∪{d} ) )
e ← e \ {d}

return f
i n t queens ( i n t n )

return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

Visszalépéses keresés (backtracking):
- t() helyezi el a sorokban a királynőket
- a,b,c: {0,1,. . . ,n-1} részhalmazát jelöli,
i eleme a halmaznak, ha az i . bit 1

Bitművelet → halmazművelet:
- Halmaz kivonás
- Üreshalmaz vizsgálat
- Legkisebb elem kiválasztása

011010= e
100110=−e (kettes kompl.)
000010= e&− e

Bitművelet → halmazművelet:
- a-ban szereplő d elem törlése

- b és c-ben nem szereplő új elem felvétele
- Minden elem növelése/csökkentése

a ⊃ e ⊃ d

d 6∈ b
d 6∈ c

Izsó Benedek Budapesti Műszaki és Gazdaságtudományi Egyetem - Hibatűrő Rendszerek Kutatócsoport
C programok formális verifikációja a Why3 keretrendszerrel



A Why3 platform N királynő probléma Algoritmus verifikációja Tételbizonyítás Összefoglalás

Algoritmus leírása halmazokkal

i n t t ( i n t a , i n t b , i n t c ) {
i n t d , e=a&~b&~c , f =1;
i f ( a )

f o r ( f =0; d=e&−e ; e−=d)
f += t ( a−d , ( b+d ) ∗2 ,

( c+d ) /2 ) ) ;
return f ;

}
i n t queens ( i n t n ) {

return t (~(~0<<n ) , 0 , 0 ) ;
}

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d} , succ (b∪{d} ) ,

pred (c∪{d} ) )
e ← e \ {d}

return f
i n t queens ( i n t n )

return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

Visszalépéses keresés (backtracking):
- t() helyezi el a sorokban a királynőket
- a,b,c: {0,1,. . . ,n-1} részhalmazát jelöli,
i eleme a halmaznak, ha az i . bit 1

Bitművelet → halmazművelet:
- Halmaz kivonás
- Üreshalmaz vizsgálat
- Legkisebb elem kiválasztása

011010= e
100110=−e (kettes kompl.)
000010= e&− e

Bitművelet → halmazművelet:
- a-ban szereplő d elem törlése
- b és c-ben nem szereplő új elem felvétele

- Minden elem növelése/csökkentése

a ⊃ e ⊃ d

d 6∈ b
d 6∈ c

Izsó Benedek Budapesti Műszaki és Gazdaságtudományi Egyetem - Hibatűrő Rendszerek Kutatócsoport
C programok formális verifikációja a Why3 keretrendszerrel



A Why3 platform N királynő probléma Algoritmus verifikációja Tételbizonyítás Összefoglalás

Algoritmus leírása halmazokkal

i n t t ( i n t a , i n t b , i n t c ) {
i n t d , e=a&~b&~c , f =1;
i f ( a )

f o r ( f =0; d=e&−e ; e−=d)
f += t ( a−d , ( b+d ) ∗2 ,

( c+d ) /2 ) ) ;
return f ;

}
i n t queens ( i n t n ) {

return t (~(~0<<n ) , 0 , 0 ) ;
}

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d} , succ (b∪{d} ) ,

pred (c∪{d} ) )
e ← e \ {d}

return f
i n t queens ( i n t n )

return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

Visszalépéses keresés (backtracking):
- t() helyezi el a sorokban a királynőket
- a,b,c: {0,1,. . . ,n-1} részhalmazát jelöli,
i eleme a halmaznak, ha az i . bit 1

Bitművelet → halmazművelet:
- Halmaz kivonás
- Üreshalmaz vizsgálat
- Legkisebb elem kiválasztása

011010= e
100110=−e (kettes kompl.)
000010= e&− e

Bitművelet → halmazművelet:
- a-ban szereplő d elem törlése
- b és c-ben nem szereplő új elem felvétele
- Minden elem növelése/csökkentése

a ⊃ e ⊃ dd 6∈ b
d 6∈ c

Izsó Benedek Budapesti Műszaki és Gazdaságtudományi Egyetem - Hibatűrő Rendszerek Kutatócsoport
C programok formális verifikációja a Why3 keretrendszerrel



A Why3 platform N királynő probléma Algoritmus verifikációja Tételbizonyítás Összefoglalás

Algoritmus megértése

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d } , succ (b∪{d }) ,

pred (c∪{d }) )
e ← e \ {d}

return f

i n t queens ( i n t n )
return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

q q q

q

q

q

q

q q q

q

q

q

q

a = 111001012, a = {0, 2, 5, 6, 7} b = 011010002, b = {3, 5, 6}

q

q

q

q

q q

q

q

q

q

c = 000010012, c = {0, 3} a&~b&~c = 100001002, a \ b \ c = {2, 7}

Fig. 3. Interpretation of variables a, b, and c as sets.

row. Initially, a contains all possible positions, that is a = {0, 1, . . . , n−1}. If we
have found one solution, a becomes empty, then we return 1. Otherwise, we have
to consider all possible positions on the current row. Sets b and c respectively
contain the positions to be avoided because they are on an ascending (resp.
descending) diagonal of a queen on previous rows. Thus e = a \ b \ c precisely
contains the positions to be considered for the current row. They are all examined
one at a time by repeatedly removing the smallest element from e, which is set
to d. Then next rows are considered by a recursive call to t with a, b and c being
updated according to the choice of column d for the current row: d is removed
from the set of possible columns (a\{d}), added to the set of ascending diagonals
which is shifted (succ(b ∪ {d}), and similarly added to the set of descending
diagonals which is shifted the other way (pred(c ∪ {d})). The values of a, b and
c are illustrated in Fig. 3 for n = 8 on a configuration where 3 rows are already
set (columns are numbered from right to left, starting from 0).
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to consider all possible positions on the current row. Sets b and c respectively
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which is shifted (succ(b ∪ {d}), and similarly added to the set of descending
diagonals which is shifted the other way (pred(c ∪ {d})). The values of a, b and
c are illustrated in Fig. 3 for n = 8 on a configuration where 3 rows are already
set (columns are numbered from right to left, starting from 0).
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row. Initially, a contains all possible positions, that is a = {0, 1, . . . , n−1}. If we
have found one solution, a becomes empty, then we return 1. Otherwise, we have
to consider all possible positions on the current row. Sets b and c respectively
contain the positions to be avoided because they are on an ascending (resp.
descending) diagonal of a queen on previous rows. Thus e = a \ b \ c precisely
contains the positions to be considered for the current row. They are all examined
one at a time by repeatedly removing the smallest element from e, which is set
to d. Then next rows are considered by a recursive call to t with a, b and c being
updated according to the choice of column d for the current row: d is removed
from the set of possible columns (a\{d}), added to the set of ascending diagonals
which is shifted (succ(b ∪ {d}), and similarly added to the set of descending
diagonals which is shifted the other way (pred(c ∪ {d})). The values of a, b and
c are illustrated in Fig. 3 for n = 8 on a configuration where 3 rows are already
set (columns are numbered from right to left, starting from 0).
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A Why3 platform N királynő probléma Algoritmus verifikációja Tételbizonyítás Összefoglalás

Algoritmus WhyML nyelven

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d } , succ (b∪{d }) ,

pred (c∪{d }) )
e ← e \ {d}

return f

i n t queens ( i n t n )
return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

l e t rec t ( a b c : set i n t ) =
i f not ( is_empty a ) then begin

l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
f := ! f + t ( remove d a ) ( succ ( add d b ) )

( pred ( add d c ) ) ;
e := remove d ! e

done ;
! f

end e l s e
1

l e t queens ( q : i n t ) =
t ( below q ) empty empty

WhyML nyelv:

- (rekurzív) függvény definiálása a let (rec) kulcsszóval
- ref: értékre mutató referencia, !f: f értéke, := értékadás
- halmaz és egész szám műveletek beépített könyvtárból
- vezérlési szerkezetek (if-else, while)
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l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
f := ! f + t ( remove d a ) ( succ ( add d b ) )

( pred ( add d c ) ) ;
e := remove d ! e

done ;
! f

end e l s e
1

l e t queens ( q : i n t ) =
t ( below q ) empty empty

WhyML nyelv:
- (rekurzív) függvény definiálása a let (rec) kulcsszóval
- ref: értékre mutató referencia, !f: f értéke, := értékadás

- halmaz és egész szám műveletek beépített könyvtárból
- vezérlési szerkezetek (if-else, while)
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Algoritmus WhyML nyelven
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whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
f := ! f + t ( remove d a ) ( succ ( add d b ) )

( pred ( add d c ) ) ;
e := remove d ! e

done ;
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end e l s e
1

l e t queens ( q : i n t ) =
t ( below q ) empty empty

WhyML nyelv:
- (rekurzív) függvény definiálása a let (rec) kulcsszóval
- ref: értékre mutató referencia, !f: f értéke, := értékadás
- halmaz és egész szám műveletek beépített könyvtárból
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Algoritmus WhyML nyelven

i n t t ( set a , set b , set c )
f ← 1
i f a 6= ∅
e ← (a \ b ) \ c
f ← 0
whi le e 6= ∅

d ← min_e l t (e )
f ← f + t (a\{d } , succ (b∪{d }) ,

pred (c∪{d }) )
e ← e \ {d}

return f

i n t queens ( i n t n )
return t ({0 , 1 , . . . , n−1} , ∅ , ∅)

l e t rec t ( a b c : s e t i n t ) =
i f not ( is_empty a ) then begin

l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
f := ! f + t ( remove d a ) ( succ ( add d b ) )

( pred ( add d c ) ) ;
e := remove d ! e

done ;
! f

end e l s e
1

l e t queens ( q : i n t ) =
t ( below q ) empty empty

axiom succ_de f :
∀ s : s e t i n t , i : i n t , mem i ( succ s ) ↔ i ≥ 1 ∧ mem ( i −1) s

axiom succ_de f :
∀ s : s e t i n t , i : i n t , mem i ( succ s ) ↔ i ≥ 1 ∧ mem ( i −1) s
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Ellenőrzendő kritériumok

Why eszköz
Why

WhyML VCgenC kód

Transzformáció Alt-Ergo

CVC3

Coq
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Ellenőrzendő kritériumok
l e t rec t ( a b c : s e t i n t ) =

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n

(* ghost *) col := !col[!k ← d];
(* ghost *) incr k;

f := ! f + t ( remove d a )
( succ ( add d b ) )
( pred ( add d c ) ) ;

(* ghost *) decr k;

e := remove d ! e
done ;

! f
end e l s e

(* ghost *) sol := !sol[!s ← !col];
(* ghost *) incr s;

1
l e t queens ( q : i n t ) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }

t ( below q ) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution. solution u ↔

(∃ i:int. 0 ≤ i < result ∧ eq_sol u !sol[i]) }

Ellenőrzendő kritériumok:
1 Nem szakad meg a futása
2 Véges időn belül lefut
3 Helyes eredményt ad

Nincs kritikus utasítás
pl.: osztás, tömb címzés

X

Ellenőrzendő kritériumok:
milyen adatokra?
→ új változók bevezetése

- függhet a program változóitól
- program változó nem függet tőle
- hatékonyság nem számít

type solution = map int int
val col: ref solution
val k: ref int

type solutions = map int solutions
val sol: ref solutions
val s: ref int

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?

q

q

q

q

q

q

q

q

One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8
Az eredmény a
megoldások száma

Egy eredmény
egyszer szerepel

Csakis az megoldás
ami sol-ban megtalálható

function n : int

predicate partial_solution (k: int) (s: solution) =
∀ i: int. 0 ≤ i < k →
0 ≤ s[i] < n ∧
(∀ j: int. 0 ≤ j < i →

s[i] 6= s[j] ∧ s[i]-s[j] 6= i-j ∧ s[i]-s[j] 6= j-i)

predicate solution (s: solution) =
partial_solution n s

n paraméter függvényként

s k hosszon részleges megoldás, ha
minden i. helyen táblán lévő index szerepel, és
az előző (j) helyek semelyike sincs:
egy oszlopban, jobbra átlósan, balra átlósan

s megoldás,
ha n hosszon részleges megoldás

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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q
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

predicate eq_prefix (t u: map int α) (i: int) =
∀ k: int. 0 ≤ k < i → t[k] = u[k]
t és u i hosszan azonos prefixű, ha
ott (k<i) értékeik megegyeznek

0 4 7 5 2 6 1 3
0 5 7 2 6 3 1 4
0 6 3 5 7 1 4 2
0 6 4 7 1 3 5 2
1 3 5 7 2 0 6 4

...

For instance, the first five solutions for n = 8 are displayed to
the right. To define the lexicographic order, we first define the
property for two arrays to have a common prefix of length i:

predicate eq prefix (t u: map int α) (i: int) =

∀ k: int. 0 ≤ k < i → t[k] = u[k]

We make this a polymorphic predicate, to reuse it on both
solutions and arrays of solutions. Then it is easy to define the
lexicographic order over solutions:

predicate lt sol (s1 s2: solution) =

∃ i: int. 0 ≤ i < n ∧ eq prefix s1 s2 i ∧ s1[i] < s2[i]

Finally, we introduce two convenient shortcuts for the forthcoming specifications.
Equality of two solutions is defined using eq prefix:

predicate eq sol (t u: solution) = eq prefix t u n

The property for an array of solutions s to be sorted in increasing order between
index a included and index b excluded is defined in an obvious way:

predicate sorted (s: solutions) (a b: int) =

∀ i j: int. a ≤ i < j < b → lt sol s[i] s[j]

This completes the set of definitions needed to specify the code’s behavior. The
full specification for function queens (lines 14–15) is the following4:

let queens (q: int) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t (below q) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution.

solution u ↔ (∃ i:int. 0 ≤ i < result ∧ eq sol u !sol[i]) }

(S)

The precondition requires both s and k to be initially equal to zero. The postcon-
dition states that the returned value is equal to the number of solutions stored
in array sol, that is !s. Additionally, it states that array sol is sorted and that
an array u is a solution if and only if it appears in sol.

At this point, the reader should be convinced that specification (S) is indeed
expressing that this program is computing the number of solutions to the n-
queens problem. This is slightly subtle, since the absence of duplicated solutions
is not immediate: it is only a provable consequence of sol being sorted. Our
proof includes this property as a lemma.

4.2 Correctness Proof

We now have to prove that function queens terminates and obeys specification
(S) above. As a warm-up, let us prove termination first.

4 The code with all annotations is given in the appendix.

sol elemei

predicate lt_sol (s1 s2: solution) =
∃ i: int. 0 ≤ i < n ∧
eq_prefix s1 s2 i ∧ s1[i] < s2[i]
s1 s2 megoldás előtt szerepel, ha egy indexen
kisebb s1 értéke és előtte azonos volt a prefixük

predicate sorted (s: solutions) (a b: int) =
∀ i j: int. a ≤ i < j < b → lt_sol s[i] s[j]
megoldások rendezettek, ha minden j-nél
kisebb i indexre i. megoldás a j. előtt van

polimorf

predicate eq_sol (t u: solution) =
eq_prefix t u n
t és u megoldás azonos,
ha n hosszon ugyanaz a prefixük
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Ellenőrzendő kritériumok
l e t rec t ( a b c : s e t i n t ) =

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n

(* ghost *) col := !col[!k ← d];
(* ghost *) incr k;

f := ! f + t ( remove d a )
( succ ( add d b ) )
( pred ( add d c ) ) ;

(* ghost *) decr k;

e := remove d ! e
done ;

! f
end e l s e

(* ghost *) sol := !sol[!s ← !col];
(* ghost *) incr s;

1
l e t queens ( q : i n t ) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }

t ( below q ) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution. solution u ↔

(∃ i:int. 0 ≤ i < result ∧ eq_sol u !sol[i]) }

Ellenőrzendő kritériumok:
1 Nem szakad meg a futása
2 Véges időn belül lefut
3 Helyes eredményt ad

Nincs kritikus utasítás
pl.: osztás, tömb címzés

X

Ellenőrzendő kritériumok:
milyen adatokra?
→ új változók bevezetése

- függhet a program változóitól
- program változó nem függet tőle
- hatékonyság nem számít

type solution = map int int
val col: ref solution
val k: ref int

type solutions = map int solutions
val sol: ref solutions
val s: ref int

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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q

q

q

q

One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8
Az eredmény a
megoldások száma

Egy eredmény
egyszer szerepel

Csakis az megoldás
ami sol-ban megtalálható

function n : int

predicate partial_solution (k: int) (s: solution) =
∀ i: int. 0 ≤ i < k →
0 ≤ s[i] < n ∧
(∀ j: int. 0 ≤ j < i →

s[i] 6= s[j] ∧ s[i]-s[j] 6= i-j ∧ s[i]-s[j] 6= j-i)

predicate solution (s: solution) =
partial_solution n s

n paraméter függvényként

s k hosszon részleges megoldás, ha
minden i. helyen táblán lévő index szerepel, és
az előző (j) helyek semelyike sincs:
egy oszlopban, jobbra átlósan, balra átlósan

s megoldás,
ha n hosszon részleges megoldás

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?

q

q

q

q

q

q

q

q

One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

predicate eq_prefix (t u: map int α) (i: int) =
∀ k: int. 0 ≤ k < i → t[k] = u[k]
t és u i hosszan azonos prefixű, ha
ott (k<i) értékeik megegyeznek

0 4 7 5 2 6 1 3
0 5 7 2 6 3 1 4
0 6 3 5 7 1 4 2
0 6 4 7 1 3 5 2
1 3 5 7 2 0 6 4

...

For instance, the first five solutions for n = 8 are displayed to
the right. To define the lexicographic order, we first define the
property for two arrays to have a common prefix of length i:

predicate eq prefix (t u: map int α) (i: int) =

∀ k: int. 0 ≤ k < i → t[k] = u[k]

We make this a polymorphic predicate, to reuse it on both
solutions and arrays of solutions. Then it is easy to define the
lexicographic order over solutions:

predicate lt sol (s1 s2: solution) =

∃ i: int. 0 ≤ i < n ∧ eq prefix s1 s2 i ∧ s1[i] < s2[i]

Finally, we introduce two convenient shortcuts for the forthcoming specifications.
Equality of two solutions is defined using eq prefix:

predicate eq sol (t u: solution) = eq prefix t u n

The property for an array of solutions s to be sorted in increasing order between
index a included and index b excluded is defined in an obvious way:

predicate sorted (s: solutions) (a b: int) =

∀ i j: int. a ≤ i < j < b → lt sol s[i] s[j]

This completes the set of definitions needed to specify the code’s behavior. The
full specification for function queens (lines 14–15) is the following4:

let queens (q: int) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t (below q) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution.

solution u ↔ (∃ i:int. 0 ≤ i < result ∧ eq sol u !sol[i]) }

(S)

The precondition requires both s and k to be initially equal to zero. The postcon-
dition states that the returned value is equal to the number of solutions stored
in array sol, that is !s. Additionally, it states that array sol is sorted and that
an array u is a solution if and only if it appears in sol.

At this point, the reader should be convinced that specification (S) is indeed
expressing that this program is computing the number of solutions to the n-
queens problem. This is slightly subtle, since the absence of duplicated solutions
is not immediate: it is only a provable consequence of sol being sorted. Our
proof includes this property as a lemma.

4.2 Correctness Proof

We now have to prove that function queens terminates and obeys specification
(S) above. As a warm-up, let us prove termination first.

4 The code with all annotations is given in the appendix.

sol elemei

predicate lt_sol (s1 s2: solution) =
∃ i: int. 0 ≤ i < n ∧
eq_prefix s1 s2 i ∧ s1[i] < s2[i]
s1 s2 megoldás előtt szerepel, ha egy indexen
kisebb s1 értéke és előtte azonos volt a prefixük

predicate sorted (s: solutions) (a b: int) =
∀ i j: int. a ≤ i < j < b → lt_sol s[i] s[j]
megoldások rendezettek, ha minden j-nél
kisebb i indexre i. megoldás a j. előtt van

polimorf

predicate eq_sol (t u: solution) =
eq_prefix t u n
t és u megoldás azonos,
ha n hosszon ugyanaz a prefixük
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Ellenőrzendő kritériumok
l e t rec t ( a b c : s e t i n t ) =

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n

(* ghost *) col := !col[!k ← d];
(* ghost *) incr k;

f := ! f + t ( remove d a )
( succ ( add d b ) )
( pred ( add d c ) ) ;

(* ghost *) decr k;

e := remove d ! e
done ;

! f
end e l s e

(* ghost *) sol := !sol[!s ← !col];
(* ghost *) incr s;

1
l e t queens ( q : i n t ) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }

t ( below q ) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution. solution u ↔

(∃ i:int. 0 ≤ i < result ∧ eq_sol u !sol[i]) }

Ellenőrzendő kritériumok:
1 Nem szakad meg a futása
2 Véges időn belül lefut
3 Helyes eredményt ad

Nincs kritikus utasítás
pl.: osztás, tömb címzés

X

Ellenőrzendő kritériumok:
milyen adatokra?
→ új változók bevezetése

- függhet a program változóitól
- program változó nem függet tőle
- hatékonyság nem számít

type solution = map int int
val col: ref solution
val k: ref int

type solutions = map int solutions
val sol: ref solutions
val s: ref int

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?

q

q

q

q

q

q

q

q

One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8
Az eredmény a
megoldások száma

Egy eredmény
egyszer szerepel

Csakis az megoldás
ami sol-ban megtalálható

function n : int

predicate partial_solution (k: int) (s: solution) =
∀ i: int. 0 ≤ i < k →
0 ≤ s[i] < n ∧
(∀ j: int. 0 ≤ j < i →

s[i] 6= s[j] ∧ s[i]-s[j] 6= i-j ∧ s[i]-s[j] 6= j-i)

predicate solution (s: solution) =
partial_solution n s

n paraméter függvényként

s k hosszon részleges megoldás, ha
minden i. helyen táblán lévő index szerepel, és
az előző (j) helyek semelyike sincs:
egy oszlopban, jobbra átlósan, balra átlósan

s megoldás,
ha n hosszon részleges megoldás

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

predicate eq_prefix (t u: map int α) (i: int) =
∀ k: int. 0 ≤ k < i → t[k] = u[k]
t és u i hosszan azonos prefixű, ha
ott (k<i) értékeik megegyeznek

0 4 7 5 2 6 1 3
0 5 7 2 6 3 1 4
0 6 3 5 7 1 4 2
0 6 4 7 1 3 5 2
1 3 5 7 2 0 6 4

...

For instance, the first five solutions for n = 8 are displayed to
the right. To define the lexicographic order, we first define the
property for two arrays to have a common prefix of length i:

predicate eq prefix (t u: map int α) (i: int) =

∀ k: int. 0 ≤ k < i → t[k] = u[k]

We make this a polymorphic predicate, to reuse it on both
solutions and arrays of solutions. Then it is easy to define the
lexicographic order over solutions:

predicate lt sol (s1 s2: solution) =

∃ i: int. 0 ≤ i < n ∧ eq prefix s1 s2 i ∧ s1[i] < s2[i]

Finally, we introduce two convenient shortcuts for the forthcoming specifications.
Equality of two solutions is defined using eq prefix:

predicate eq sol (t u: solution) = eq prefix t u n

The property for an array of solutions s to be sorted in increasing order between
index a included and index b excluded is defined in an obvious way:

predicate sorted (s: solutions) (a b: int) =

∀ i j: int. a ≤ i < j < b → lt sol s[i] s[j]

This completes the set of definitions needed to specify the code’s behavior. The
full specification for function queens (lines 14–15) is the following4:

let queens (q: int) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t (below q) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution.

solution u ↔ (∃ i:int. 0 ≤ i < result ∧ eq sol u !sol[i]) }

(S)

The precondition requires both s and k to be initially equal to zero. The postcon-
dition states that the returned value is equal to the number of solutions stored
in array sol, that is !s. Additionally, it states that array sol is sorted and that
an array u is a solution if and only if it appears in sol.

At this point, the reader should be convinced that specification (S) is indeed
expressing that this program is computing the number of solutions to the n-
queens problem. This is slightly subtle, since the absence of duplicated solutions
is not immediate: it is only a provable consequence of sol being sorted. Our
proof includes this property as a lemma.

4.2 Correctness Proof

We now have to prove that function queens terminates and obeys specification
(S) above. As a warm-up, let us prove termination first.

4 The code with all annotations is given in the appendix.

sol elemei

predicate lt_sol (s1 s2: solution) =
∃ i: int. 0 ≤ i < n ∧
eq_prefix s1 s2 i ∧ s1[i] < s2[i]
s1 s2 megoldás előtt szerepel, ha egy indexen
kisebb s1 értéke és előtte azonos volt a prefixük

predicate sorted (s: solutions) (a b: int) =
∀ i j: int. a ≤ i < j < b → lt_sol s[i] s[j]
megoldások rendezettek, ha minden j-nél
kisebb i indexre i. megoldás a j. előtt van

polimorf

predicate eq_sol (t u: solution) =
eq_prefix t u n
t és u megoldás azonos,
ha n hosszon ugyanaz a prefixük
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Ellenőrzendő kritériumok
l e t rec t ( a b c : s e t i n t ) =

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
(* ghost *) col := !col[!k ← d];
(* ghost *) incr k;
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

(* ghost *) decr k;
e := remove d ! e

done ;
! f

end e l s e
(* ghost *) sol := !sol[!s ← !col];
(* ghost *) incr s;
1

l e t queens ( q : i n t ) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }

t ( below q ) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution. solution u ↔

(∃ i:int. 0 ≤ i < result ∧ eq_sol u !sol[i]) }

Ellenőrzendő kritériumok:
1 Nem szakad meg a futása
2 Véges időn belül lefut
3 Helyes eredményt ad

Nincs kritikus utasítás
pl.: osztás, tömb címzés

X

Ellenőrzendő kritériumok:
milyen adatokra?
→ új változók bevezetése

- függhet a program változóitól
- program változó nem függet tőle
- hatékonyság nem számít

type solution = map int int
val col: ref solution
val k: ref int

type solutions = map int solutions
val sol: ref solutions
val s: ref int

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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q

q

q

q

q

One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

Az eredmény a
megoldások száma

Egy eredmény
egyszer szerepel

Csakis az megoldás
ami sol-ban megtalálható

function n : int

predicate partial_solution (k: int) (s: solution) =
∀ i: int. 0 ≤ i < k →
0 ≤ s[i] < n ∧
(∀ j: int. 0 ≤ j < i →

s[i] 6= s[j] ∧ s[i]-s[j] 6= i-j ∧ s[i]-s[j] 6= j-i)

predicate solution (s: solution) =
partial_solution n s

n paraméter függvényként

s k hosszon részleges megoldás, ha
minden i. helyen táblán lévő index szerepel, és
az előző (j) helyek semelyike sincs:
egy oszlopban, jobbra átlósan, balra átlósan

s megoldás,
ha n hosszon részleges megoldás

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

predicate eq_prefix (t u: map int α) (i: int) =
∀ k: int. 0 ≤ k < i → t[k] = u[k]
t és u i hosszan azonos prefixű, ha
ott (k<i) értékeik megegyeznek

0 4 7 5 2 6 1 3
0 5 7 2 6 3 1 4
0 6 3 5 7 1 4 2
0 6 4 7 1 3 5 2
1 3 5 7 2 0 6 4

...

For instance, the first five solutions for n = 8 are displayed to
the right. To define the lexicographic order, we first define the
property for two arrays to have a common prefix of length i:

predicate eq prefix (t u: map int α) (i: int) =

∀ k: int. 0 ≤ k < i → t[k] = u[k]

We make this a polymorphic predicate, to reuse it on both
solutions and arrays of solutions. Then it is easy to define the
lexicographic order over solutions:

predicate lt sol (s1 s2: solution) =

∃ i: int. 0 ≤ i < n ∧ eq prefix s1 s2 i ∧ s1[i] < s2[i]

Finally, we introduce two convenient shortcuts for the forthcoming specifications.
Equality of two solutions is defined using eq prefix:

predicate eq sol (t u: solution) = eq prefix t u n

The property for an array of solutions s to be sorted in increasing order between
index a included and index b excluded is defined in an obvious way:

predicate sorted (s: solutions) (a b: int) =

∀ i j: int. a ≤ i < j < b → lt sol s[i] s[j]

This completes the set of definitions needed to specify the code’s behavior. The
full specification for function queens (lines 14–15) is the following4:

let queens (q: int) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t (below q) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution.

solution u ↔ (∃ i:int. 0 ≤ i < result ∧ eq sol u !sol[i]) }

(S)

The precondition requires both s and k to be initially equal to zero. The postcon-
dition states that the returned value is equal to the number of solutions stored
in array sol, that is !s. Additionally, it states that array sol is sorted and that
an array u is a solution if and only if it appears in sol.

At this point, the reader should be convinced that specification (S) is indeed
expressing that this program is computing the number of solutions to the n-
queens problem. This is slightly subtle, since the absence of duplicated solutions
is not immediate: it is only a provable consequence of sol being sorted. Our
proof includes this property as a lemma.

4.2 Correctness Proof

We now have to prove that function queens terminates and obeys specification
(S) above. As a warm-up, let us prove termination first.

4 The code with all annotations is given in the appendix.

sol elemei

predicate lt_sol (s1 s2: solution) =
∃ i: int. 0 ≤ i < n ∧
eq_prefix s1 s2 i ∧ s1[i] < s2[i]
s1 s2 megoldás előtt szerepel, ha egy indexen
kisebb s1 értéke és előtte azonos volt a prefixük

predicate sorted (s: solutions) (a b: int) =
∀ i j: int. a ≤ i < j < b → lt_sol s[i] s[j]
megoldások rendezettek, ha minden j-nél
kisebb i indexre i. megoldás a j. előtt van

polimorf

predicate eq_sol (t u: solution) =
eq_prefix t u n
t és u megoldás azonos,
ha n hosszon ugyanaz a prefixük
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Ellenőrzendő kritériumok
l e t rec t ( a b c : s e t i n t ) =

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
(* ghost *) col := !col[!k ← d];
(* ghost *) incr k;
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

(* ghost *) decr k;
e := remove d ! e

done ;
! f

end e l s e
(* ghost *) sol := !sol[!s ← !col];
(* ghost *) incr s;
1

l e t queens ( q : i n t ) =
{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t ( below q ) empty empty
{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution. solution u ↔

(∃ i:int. 0 ≤ i < result ∧ eq_sol u !sol[i]) }

Ellenőrzendő kritériumok:
1 Nem szakad meg a futása
2 Véges időn belül lefut
3 Helyes eredményt ad

Nincs kritikus utasítás
pl.: osztás, tömb címzés

X

Ellenőrzendő kritériumok:
milyen adatokra?
→ új változók bevezetése

- függhet a program változóitól
- program változó nem függet tőle
- hatékonyság nem számít

type solution = map int int
val col: ref solution
val k: ref int

type solutions = map int solutions
val sol: ref solutions
val s: ref int

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

Az eredmény a
megoldások száma

Egy eredmény
egyszer szerepel

Csakis az megoldás
ami sol-ban megtalálható

function n : int

predicate partial_solution (k: int) (s: solution) =
∀ i: int. 0 ≤ i < k →
0 ≤ s[i] < n ∧
(∀ j: int. 0 ≤ j < i →

s[i] 6= s[j] ∧ s[i]-s[j] 6= i-j ∧ s[i]-s[j] 6= j-i)

predicate solution (s: solution) =
partial_solution n s

n paraméter függvényként

s k hosszon részleges megoldás, ha
minden i. helyen táblán lévő index szerepel, és
az előző (j) helyek semelyike sincs:
egy oszlopban, jobbra átlósan, balra átlósan

s megoldás,
ha n hosszon részleges megoldás

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

predicate eq_prefix (t u: map int α) (i: int) =
∀ k: int. 0 ≤ k < i → t[k] = u[k]
t és u i hosszan azonos prefixű, ha
ott (k<i) értékeik megegyeznek

0 4 7 5 2 6 1 3
0 5 7 2 6 3 1 4
0 6 3 5 7 1 4 2
0 6 4 7 1 3 5 2
1 3 5 7 2 0 6 4

...

For instance, the first five solutions for n = 8 are displayed to
the right. To define the lexicographic order, we first define the
property for two arrays to have a common prefix of length i:

predicate eq prefix (t u: map int α) (i: int) =

∀ k: int. 0 ≤ k < i → t[k] = u[k]

We make this a polymorphic predicate, to reuse it on both
solutions and arrays of solutions. Then it is easy to define the
lexicographic order over solutions:

predicate lt sol (s1 s2: solution) =

∃ i: int. 0 ≤ i < n ∧ eq prefix s1 s2 i ∧ s1[i] < s2[i]

Finally, we introduce two convenient shortcuts for the forthcoming specifications.
Equality of two solutions is defined using eq prefix:

predicate eq sol (t u: solution) = eq prefix t u n

The property for an array of solutions s to be sorted in increasing order between
index a included and index b excluded is defined in an obvious way:

predicate sorted (s: solutions) (a b: int) =

∀ i j: int. a ≤ i < j < b → lt sol s[i] s[j]

This completes the set of definitions needed to specify the code’s behavior. The
full specification for function queens (lines 14–15) is the following4:

let queens (q: int) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t (below q) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution.

solution u ↔ (∃ i:int. 0 ≤ i < result ∧ eq sol u !sol[i]) }

(S)

The precondition requires both s and k to be initially equal to zero. The postcon-
dition states that the returned value is equal to the number of solutions stored
in array sol, that is !s. Additionally, it states that array sol is sorted and that
an array u is a solution if and only if it appears in sol.

At this point, the reader should be convinced that specification (S) is indeed
expressing that this program is computing the number of solutions to the n-
queens problem. This is slightly subtle, since the absence of duplicated solutions
is not immediate: it is only a provable consequence of sol being sorted. Our
proof includes this property as a lemma.

4.2 Correctness Proof

We now have to prove that function queens terminates and obeys specification
(S) above. As a warm-up, let us prove termination first.

4 The code with all annotations is given in the appendix.

sol elemei

predicate lt_sol (s1 s2: solution) =
∃ i: int. 0 ≤ i < n ∧
eq_prefix s1 s2 i ∧ s1[i] < s2[i]
s1 s2 megoldás előtt szerepel, ha egy indexen
kisebb s1 értéke és előtte azonos volt a prefixük

predicate sorted (s: solutions) (a b: int) =
∀ i j: int. a ≤ i < j < b → lt_sol s[i] s[j]
megoldások rendezettek, ha minden j-nél
kisebb i indexre i. megoldás a j. előtt van

polimorf

predicate eq_sol (t u: solution) =
eq_prefix t u n
t és u megoldás azonos,
ha n hosszon ugyanaz a prefixük
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Ellenőrzendő kritériumok
l e t rec t ( a b c : s e t i n t ) =

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
(* ghost *) col := !col[!k ← d];
(* ghost *) incr k;
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

(* ghost *) decr k;
e := remove d ! e

done ;
! f

end e l s e
(* ghost *) sol := !sol[!s ← !col];
(* ghost *) incr s;
1

l e t queens ( q : i n t ) =
{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t ( below q ) empty empty
{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution. solution u ↔

(∃ i:int. 0 ≤ i < result ∧ eq_sol u !sol[i]) }

Ellenőrzendő kritériumok:
1 Nem szakad meg a futása
2 Véges időn belül lefut
3 Helyes eredményt ad

Nincs kritikus utasítás
pl.: osztás, tömb címzés

X

Ellenőrzendő kritériumok:
milyen adatokra?
→ új változók bevezetése

- függhet a program változóitól
- program változó nem függet tőle
- hatékonyság nem számít

type solution = map int int
val col: ref solution
val k: ref int

type solutions = map int solutions
val sol: ref solutions
val s: ref int

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?

q

q

q

q

q

q

q

q

One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8
Az eredmény a
megoldások száma

Egy eredmény
egyszer szerepel

Csakis az megoldás
ami sol-ban megtalálható

function n : int

predicate partial_solution (k: int) (s: solution) =
∀ i: int. 0 ≤ i < k →
0 ≤ s[i] < n ∧
(∀ j: int. 0 ≤ j < i →

s[i] 6= s[j] ∧ s[i]-s[j] 6= i-j ∧ s[i]-s[j] 6= j-i)

predicate solution (s: solution) =
partial_solution n s

n paraméter függvényként

s k hosszon részleges megoldás, ha
minden i. helyen táblán lévő index szerepel, és
az előző (j) helyek semelyike sincs:
egy oszlopban, jobbra átlósan, balra átlósan

s megoldás,
ha n hosszon részleges megoldás

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

predicate eq_prefix (t u: map int α) (i: int) =
∀ k: int. 0 ≤ k < i → t[k] = u[k]
t és u i hosszan azonos prefixű, ha
ott (k<i) értékeik megegyeznek

0 4 7 5 2 6 1 3
0 5 7 2 6 3 1 4
0 6 3 5 7 1 4 2
0 6 4 7 1 3 5 2
1 3 5 7 2 0 6 4

...

For instance, the first five solutions for n = 8 are displayed to
the right. To define the lexicographic order, we first define the
property for two arrays to have a common prefix of length i:

predicate eq prefix (t u: map int α) (i: int) =

∀ k: int. 0 ≤ k < i → t[k] = u[k]

We make this a polymorphic predicate, to reuse it on both
solutions and arrays of solutions. Then it is easy to define the
lexicographic order over solutions:

predicate lt sol (s1 s2: solution) =

∃ i: int. 0 ≤ i < n ∧ eq prefix s1 s2 i ∧ s1[i] < s2[i]

Finally, we introduce two convenient shortcuts for the forthcoming specifications.
Equality of two solutions is defined using eq prefix:

predicate eq sol (t u: solution) = eq prefix t u n

The property for an array of solutions s to be sorted in increasing order between
index a included and index b excluded is defined in an obvious way:

predicate sorted (s: solutions) (a b: int) =

∀ i j: int. a ≤ i < j < b → lt sol s[i] s[j]

This completes the set of definitions needed to specify the code’s behavior. The
full specification for function queens (lines 14–15) is the following4:

let queens (q: int) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t (below q) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution.

solution u ↔ (∃ i:int. 0 ≤ i < result ∧ eq sol u !sol[i]) }

(S)

The precondition requires both s and k to be initially equal to zero. The postcon-
dition states that the returned value is equal to the number of solutions stored
in array sol, that is !s. Additionally, it states that array sol is sorted and that
an array u is a solution if and only if it appears in sol.

At this point, the reader should be convinced that specification (S) is indeed
expressing that this program is computing the number of solutions to the n-
queens problem. This is slightly subtle, since the absence of duplicated solutions
is not immediate: it is only a provable consequence of sol being sorted. Our
proof includes this property as a lemma.

4.2 Correctness Proof

We now have to prove that function queens terminates and obeys specification
(S) above. As a warm-up, let us prove termination first.

4 The code with all annotations is given in the appendix.

sol elemei

predicate lt_sol (s1 s2: solution) =
∃ i: int. 0 ≤ i < n ∧
eq_prefix s1 s2 i ∧ s1[i] < s2[i]
s1 s2 megoldás előtt szerepel, ha egy indexen
kisebb s1 értéke és előtte azonos volt a prefixük

predicate sorted (s: solutions) (a b: int) =
∀ i j: int. a ≤ i < j < b → lt_sol s[i] s[j]
megoldások rendezettek, ha minden j-nél
kisebb i indexre i. megoldás a j. előtt van

polimorf

predicate eq_sol (t u: solution) =
eq_prefix t u n
t és u megoldás azonos,
ha n hosszon ugyanaz a prefixük
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Ellenőrzendő kritériumok
l e t rec t ( a b c : s e t i n t ) =

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
(* ghost *) col := !col[!k ← d];
(* ghost *) incr k;
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

(* ghost *) decr k;
e := remove d ! e

done ;
! f

end e l s e
(* ghost *) sol := !sol[!s ← !col];
(* ghost *) incr s;
1

l e t queens ( q : i n t ) =
{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t ( below q ) empty empty
{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution. solution u ↔

(∃ i:int. 0 ≤ i < result ∧ eq_sol u !sol[i]) }

Ellenőrzendő kritériumok:
1 Nem szakad meg a futása
2 Véges időn belül lefut
3 Helyes eredményt ad

Nincs kritikus utasítás
pl.: osztás, tömb címzés

X

Ellenőrzendő kritériumok:
milyen adatokra?
→ új változók bevezetése

- függhet a program változóitól
- program változó nem függet tőle
- hatékonyság nem számít

type solution = map int int
val col: ref solution
val k: ref int

type solutions = map int solutions
val sol: ref solutions
val s: ref int

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8
Az eredmény a
megoldások száma

Egy eredmény
egyszer szerepel

Csakis az megoldás
ami sol-ban megtalálható

function n : int

predicate partial_solution (k: int) (s: solution) =
∀ i: int. 0 ≤ i < k →
0 ≤ s[i] < n ∧
(∀ j: int. 0 ≤ j < i →

s[i] 6= s[j] ∧ s[i]-s[j] 6= i-j ∧ s[i]-s[j] 6= j-i)

predicate solution (s: solution) =
partial_solution n s

n paraméter függvényként

s k hosszon részleges megoldás, ha
minden i. helyen táblán lévő index szerepel, és
az előző (j) helyek semelyike sincs:
egy oszlopban, jobbra átlósan, balra átlósan

s megoldás,
ha n hosszon részleges megoldás

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

predicate eq_prefix (t u: map int α) (i: int) =
∀ k: int. 0 ≤ k < i → t[k] = u[k]
t és u i hosszan azonos prefixű, ha
ott (k<i) értékeik megegyeznek

0 4 7 5 2 6 1 3
0 5 7 2 6 3 1 4
0 6 3 5 7 1 4 2
0 6 4 7 1 3 5 2
1 3 5 7 2 0 6 4

...

For instance, the first five solutions for n = 8 are displayed to
the right. To define the lexicographic order, we first define the
property for two arrays to have a common prefix of length i:

predicate eq prefix (t u: map int α) (i: int) =

∀ k: int. 0 ≤ k < i → t[k] = u[k]

We make this a polymorphic predicate, to reuse it on both
solutions and arrays of solutions. Then it is easy to define the
lexicographic order over solutions:

predicate lt sol (s1 s2: solution) =

∃ i: int. 0 ≤ i < n ∧ eq prefix s1 s2 i ∧ s1[i] < s2[i]

Finally, we introduce two convenient shortcuts for the forthcoming specifications.
Equality of two solutions is defined using eq prefix:

predicate eq sol (t u: solution) = eq prefix t u n

The property for an array of solutions s to be sorted in increasing order between
index a included and index b excluded is defined in an obvious way:

predicate sorted (s: solutions) (a b: int) =

∀ i j: int. a ≤ i < j < b → lt sol s[i] s[j]

This completes the set of definitions needed to specify the code’s behavior. The
full specification for function queens (lines 14–15) is the following4:

let queens (q: int) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t (below q) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution.

solution u ↔ (∃ i:int. 0 ≤ i < result ∧ eq sol u !sol[i]) }

(S)

The precondition requires both s and k to be initially equal to zero. The postcon-
dition states that the returned value is equal to the number of solutions stored
in array sol, that is !s. Additionally, it states that array sol is sorted and that
an array u is a solution if and only if it appears in sol.

At this point, the reader should be convinced that specification (S) is indeed
expressing that this program is computing the number of solutions to the n-
queens problem. This is slightly subtle, since the absence of duplicated solutions
is not immediate: it is only a provable consequence of sol being sorted. Our
proof includes this property as a lemma.

4.2 Correctness Proof

We now have to prove that function queens terminates and obeys specification
(S) above. As a warm-up, let us prove termination first.

4 The code with all annotations is given in the appendix.

sol elemei

predicate lt_sol (s1 s2: solution) =
∃ i: int. 0 ≤ i < n ∧
eq_prefix s1 s2 i ∧ s1[i] < s2[i]
s1 s2 megoldás előtt szerepel, ha egy indexen
kisebb s1 értéke és előtte azonos volt a prefixük

predicate sorted (s: solutions) (a b: int) =
∀ i j: int. a ≤ i < j < b → lt_sol s[i] s[j]
megoldások rendezettek, ha minden j-nél
kisebb i indexre i. megoldás a j. előtt van

polimorf

predicate eq_sol (t u: solution) =
eq_prefix t u n
t és u megoldás azonos,
ha n hosszon ugyanaz a prefixük
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Ellenőrzendő kritériumok
l e t rec t ( a b c : s e t i n t ) =

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
(* ghost *) col := !col[!k ← d];
(* ghost *) incr k;
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

(* ghost *) decr k;
e := remove d ! e

done ;
! f

end e l s e
(* ghost *) sol := !sol[!s ← !col];
(* ghost *) incr s;
1

l e t queens ( q : i n t ) =
{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t ( below q ) empty empty
{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution. solution u ↔

(∃ i:int. 0 ≤ i < result ∧ eq_sol u !sol[i]) }

Ellenőrzendő kritériumok:
1 Nem szakad meg a futása
2 Véges időn belül lefut
3 Helyes eredményt ad

Nincs kritikus utasítás
pl.: osztás, tömb címzés

X

Ellenőrzendő kritériumok:
milyen adatokra?
→ új változók bevezetése

- függhet a program változóitól
- program változó nem függet tőle
- hatékonyság nem számít

type solution = map int int
val col: ref solution
val k: ref int

type solutions = map int solutions
val sol: ref solutions
val s: ref int

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?

q

q

q

q

q

q

q

q

One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8
Az eredmény a
megoldások száma

Egy eredmény
egyszer szerepel

Csakis az megoldás
ami sol-ban megtalálható

function n : int

predicate partial_solution (k: int) (s: solution) =
∀ i: int. 0 ≤ i < k →
0 ≤ s[i] < n ∧
(∀ j: int. 0 ≤ j < i →

s[i] 6= s[j] ∧ s[i]-s[j] 6= i-j ∧ s[i]-s[j] 6= j-i)

predicate solution (s: solution) =
partial_solution n s

n paraméter függvényként

s k hosszon részleges megoldás, ha
minden i. helyen táblán lévő index szerepel, és
az előző (j) helyek semelyike sincs:
egy oszlopban, jobbra átlósan, balra átlósan

s megoldás,
ha n hosszon részleges megoldás

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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q

q

q
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q
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

predicate eq_prefix (t u: map int α) (i: int) =
∀ k: int. 0 ≤ k < i → t[k] = u[k]
t és u i hosszan azonos prefixű, ha
ott (k<i) értékeik megegyeznek

0 4 7 5 2 6 1 3
0 5 7 2 6 3 1 4
0 6 3 5 7 1 4 2
0 6 4 7 1 3 5 2
1 3 5 7 2 0 6 4

...

For instance, the first five solutions for n = 8 are displayed to
the right. To define the lexicographic order, we first define the
property for two arrays to have a common prefix of length i:

predicate eq prefix (t u: map int α) (i: int) =

∀ k: int. 0 ≤ k < i → t[k] = u[k]

We make this a polymorphic predicate, to reuse it on both
solutions and arrays of solutions. Then it is easy to define the
lexicographic order over solutions:

predicate lt sol (s1 s2: solution) =

∃ i: int. 0 ≤ i < n ∧ eq prefix s1 s2 i ∧ s1[i] < s2[i]

Finally, we introduce two convenient shortcuts for the forthcoming specifications.
Equality of two solutions is defined using eq prefix:

predicate eq sol (t u: solution) = eq prefix t u n

The property for an array of solutions s to be sorted in increasing order between
index a included and index b excluded is defined in an obvious way:

predicate sorted (s: solutions) (a b: int) =

∀ i j: int. a ≤ i < j < b → lt sol s[i] s[j]

This completes the set of definitions needed to specify the code’s behavior. The
full specification for function queens (lines 14–15) is the following4:

let queens (q: int) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t (below q) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution.

solution u ↔ (∃ i:int. 0 ≤ i < result ∧ eq sol u !sol[i]) }

(S)

The precondition requires both s and k to be initially equal to zero. The postcon-
dition states that the returned value is equal to the number of solutions stored
in array sol, that is !s. Additionally, it states that array sol is sorted and that
an array u is a solution if and only if it appears in sol.

At this point, the reader should be convinced that specification (S) is indeed
expressing that this program is computing the number of solutions to the n-
queens problem. This is slightly subtle, since the absence of duplicated solutions
is not immediate: it is only a provable consequence of sol being sorted. Our
proof includes this property as a lemma.

4.2 Correctness Proof

We now have to prove that function queens terminates and obeys specification
(S) above. As a warm-up, let us prove termination first.

4 The code with all annotations is given in the appendix.

sol elemei

predicate lt_sol (s1 s2: solution) =
∃ i: int. 0 ≤ i < n ∧
eq_prefix s1 s2 i ∧ s1[i] < s2[i]
s1 s2 megoldás előtt szerepel, ha egy indexen
kisebb s1 értéke és előtte azonos volt a prefixük

predicate sorted (s: solutions) (a b: int) =
∀ i j: int. a ≤ i < j < b → lt_sol s[i] s[j]
megoldások rendezettek, ha minden j-nél
kisebb i indexre i. megoldás a j. előtt van

polimorf

predicate eq_sol (t u: solution) =
eq_prefix t u n
t és u megoldás azonos,
ha n hosszon ugyanaz a prefixük
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Ellenőrzendő kritériumok
l e t rec t ( a b c : s e t i n t ) =

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
(* ghost *) col := !col[!k ← d];
(* ghost *) incr k;
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

(* ghost *) decr k;
e := remove d ! e

done ;
! f

end e l s e
(* ghost *) sol := !sol[!s ← !col];
(* ghost *) incr s;
1

l e t queens ( q : i n t ) =
{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t ( below q ) empty empty
{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution. solution u ↔

(∃ i:int. 0 ≤ i < result ∧ eq_sol u !sol[i]) }

Ellenőrzendő kritériumok:
1 Nem szakad meg a futása
2 Véges időn belül lefut
3 Helyes eredményt ad

Nincs kritikus utasítás
pl.: osztás, tömb címzés

X

Ellenőrzendő kritériumok:
milyen adatokra?
→ új változók bevezetése

- függhet a program változóitól
- program változó nem függet tőle
- hatékonyság nem számít

type solution = map int int
val col: ref solution
val k: ref int

type solutions = map int solutions
val sol: ref solutions
val s: ref int

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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q

q

q

q

q

q

q

One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8
Az eredmény a
megoldások száma

Egy eredmény
egyszer szerepel

Csakis az megoldás
ami sol-ban megtalálható

function n : int

predicate partial_solution (k: int) (s: solution) =
∀ i: int. 0 ≤ i < k →
0 ≤ s[i] < n ∧
(∀ j: int. 0 ≤ j < i →

s[i] 6= s[j] ∧ s[i]-s[j] 6= i-j ∧ s[i]-s[j] 6= j-i)

predicate solution (s: solution) =
partial_solution n s

n paraméter függvényként

s k hosszon részleges megoldás, ha
minden i. helyen táblán lévő index szerepel, és
az előző (j) helyek semelyike sincs:
egy oszlopban, jobbra átlósan, balra átlósan

s megoldás,
ha n hosszon részleges megoldás

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

predicate eq_prefix (t u: map int α) (i: int) =
∀ k: int. 0 ≤ k < i → t[k] = u[k]
t és u i hosszan azonos prefixű, ha
ott (k<i) értékeik megegyeznek

0 4 7 5 2 6 1 3
0 5 7 2 6 3 1 4
0 6 3 5 7 1 4 2
0 6 4 7 1 3 5 2
1 3 5 7 2 0 6 4

...

For instance, the first five solutions for n = 8 are displayed to
the right. To define the lexicographic order, we first define the
property for two arrays to have a common prefix of length i:

predicate eq prefix (t u: map int α) (i: int) =

∀ k: int. 0 ≤ k < i → t[k] = u[k]

We make this a polymorphic predicate, to reuse it on both
solutions and arrays of solutions. Then it is easy to define the
lexicographic order over solutions:

predicate lt sol (s1 s2: solution) =

∃ i: int. 0 ≤ i < n ∧ eq prefix s1 s2 i ∧ s1[i] < s2[i]

Finally, we introduce two convenient shortcuts for the forthcoming specifications.
Equality of two solutions is defined using eq prefix:

predicate eq sol (t u: solution) = eq prefix t u n

The property for an array of solutions s to be sorted in increasing order between
index a included and index b excluded is defined in an obvious way:

predicate sorted (s: solutions) (a b: int) =

∀ i j: int. a ≤ i < j < b → lt sol s[i] s[j]

This completes the set of definitions needed to specify the code’s behavior. The
full specification for function queens (lines 14–15) is the following4:

let queens (q: int) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t (below q) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution.

solution u ↔ (∃ i:int. 0 ≤ i < result ∧ eq sol u !sol[i]) }

(S)

The precondition requires both s and k to be initially equal to zero. The postcon-
dition states that the returned value is equal to the number of solutions stored
in array sol, that is !s. Additionally, it states that array sol is sorted and that
an array u is a solution if and only if it appears in sol.

At this point, the reader should be convinced that specification (S) is indeed
expressing that this program is computing the number of solutions to the n-
queens problem. This is slightly subtle, since the absence of duplicated solutions
is not immediate: it is only a provable consequence of sol being sorted. Our
proof includes this property as a lemma.

4.2 Correctness Proof

We now have to prove that function queens terminates and obeys specification
(S) above. As a warm-up, let us prove termination first.

4 The code with all annotations is given in the appendix.

sol elemei

predicate lt_sol (s1 s2: solution) =
∃ i: int. 0 ≤ i < n ∧
eq_prefix s1 s2 i ∧ s1[i] < s2[i]
s1 s2 megoldás előtt szerepel, ha egy indexen
kisebb s1 értéke és előtte azonos volt a prefixük

predicate sorted (s: solutions) (a b: int) =
∀ i j: int. a ≤ i < j < b → lt_sol s[i] s[j]
megoldások rendezettek, ha minden j-nél
kisebb i indexre i. megoldás a j. előtt van

polimorf

predicate eq_sol (t u: solution) =
eq_prefix t u n
t és u megoldás azonos,
ha n hosszon ugyanaz a prefixük
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Ellenőrzendő kritériumok
l e t rec t ( a b c : s e t i n t ) =

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

l e t d = min_e l t ! e i n
(* ghost *) col := !col[!k ← d];
(* ghost *) incr k;
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

(* ghost *) decr k;
e := remove d ! e

done ;
! f

end e l s e
(* ghost *) sol := !sol[!s ← !col];
(* ghost *) incr s;
1

l e t queens ( q : i n t ) =
{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t ( below q ) empty empty
{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution. solution u ↔

(∃ i:int. 0 ≤ i < result ∧ eq_sol u !sol[i]) }

Ellenőrzendő kritériumok:
1 Nem szakad meg a futása
2 Véges időn belül lefut
3 Helyes eredményt ad

Nincs kritikus utasítás
pl.: osztás, tömb címzés

X

Ellenőrzendő kritériumok:
milyen adatokra?
→ új változók bevezetése

- függhet a program változóitól
- program változó nem függet tőle
- hatékonyság nem számít

type solution = map int int
val col: ref solution
val k: ref int

type solutions = map int solutions
val sol: ref solutions
val s: ref int

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?

q

q

q

q

q

q

q

q

One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8
Az eredmény a
megoldások száma

Egy eredmény
egyszer szerepel

Csakis az megoldás
ami sol-ban megtalálható

function n : int

predicate partial_solution (k: int) (s: solution) =
∀ i: int. 0 ≤ i < k →
0 ≤ s[i] < n ∧
(∀ j: int. 0 ≤ j < i →

s[i] 6= s[j] ∧ s[i]-s[j] 6= i-j ∧ s[i]-s[j] 6= j-i)

predicate solution (s: solution) =
partial_solution n s

n paraméter függvényként

s k hosszon részleges megoldás, ha
minden i. helyen táblán lévő index szerepel, és
az előző (j) helyek semelyike sincs:
egy oszlopban, jobbra átlósan, balra átlósan

s megoldás,
ha n hosszon részleges megoldás

Programs are annotated using pre- and postconditions, loop invariants, and
variants to ensure termination. Verification conditions are computed using a
weakest precondition calculus and then passed to the back-end of Why3 to be
sent to theorem provers.

4 Verification

We focus here on the verification of the code in Fig. 4. (The verification of the
original C code in Fig. 1 is discussed at the end of this paper.) We need to prove
three properties regarding this code: it does not fail, it terminates, and it indeed
computes the number of solutions to the n-queens problem. The first property
is immediate since there is no division, no array access, or any similar operation
that could fail. We will consider termination later, as part of the verification
process (Sec. 4.2). Let us first focus on the specification.

4.1 Specification

We need to express that the value returned by a call to queens n is indeed the
number of solutions to the n-queens problem. As we have seen, the program is
building solutions one by one. Thus we have to prove that it finds all solutions,
only solutions and that it does not find the same solution twice. There is a major
difficulty here: the program is not storing anything, not even the current solution
being built. How can we state properties about the solutions being found?
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One solution is to use ghost code, that is additional code
not participating in the computation of the final result but
potentially accessing the program data. This ghost code will
fill an array with all solutions. One solution is represented by
an array of n integers. Each cell gives the column assigned to
the queen on the corresponding row. For instance, the array
5 2 4 6 0 3 1 7 corresponds to the solution of the 8-queens
problem displayed to the right. Rows are numbered from top to bottom and
columns from right to left — the latter follows the usual convention of displaying
least significant bits to the right, as in Fig. 3. Arrays used in ghost code do not
really have to be “true” arrays: there is need neither for efficiency, nor for array
bound checking. Thus we can model such arrays using purely applicative maps
from Why3’s standard library. Thus we simply define

type solution = map int int

We introduce a global variable col to record the current solution under con-
struction, as well as a global variable k to record the next row to be filled:

val col: ref solution (* solution under construction *)

val k : ref int (* next row in the current solution *)

The set of all solutions found so far is recorded into another array. It has type

type solutions = map int solution

col={5,2,4,6,0,3,1,7}, k=8

predicate eq_prefix (t u: map int α) (i: int) =
∀ k: int. 0 ≤ k < i → t[k] = u[k]
t és u i hosszan azonos prefixű, ha
ott (k<i) értékeik megegyeznek

0 4 7 5 2 6 1 3
0 5 7 2 6 3 1 4
0 6 3 5 7 1 4 2
0 6 4 7 1 3 5 2
1 3 5 7 2 0 6 4

...

For instance, the first five solutions for n = 8 are displayed to
the right. To define the lexicographic order, we first define the
property for two arrays to have a common prefix of length i:

predicate eq prefix (t u: map int α) (i: int) =

∀ k: int. 0 ≤ k < i → t[k] = u[k]

We make this a polymorphic predicate, to reuse it on both
solutions and arrays of solutions. Then it is easy to define the
lexicographic order over solutions:

predicate lt sol (s1 s2: solution) =

∃ i: int. 0 ≤ i < n ∧ eq prefix s1 s2 i ∧ s1[i] < s2[i]

Finally, we introduce two convenient shortcuts for the forthcoming specifications.
Equality of two solutions is defined using eq prefix:

predicate eq sol (t u: solution) = eq prefix t u n

The property for an array of solutions s to be sorted in increasing order between
index a included and index b excluded is defined in an obvious way:

predicate sorted (s: solutions) (a b: int) =

∀ i j: int. a ≤ i < j < b → lt sol s[i] s[j]

This completes the set of definitions needed to specify the code’s behavior. The
full specification for function queens (lines 14–15) is the following4:

let queens (q: int) =

{ 0 ≤ q = n ∧ !s = 0 ∧ !k = 0 }
t (below q) empty empty

{ result = !s ∧ sorted !sol 0 !s ∧
∀ u: solution.

solution u ↔ (∃ i:int. 0 ≤ i < result ∧ eq sol u !sol[i]) }

(S)

The precondition requires both s and k to be initially equal to zero. The postcon-
dition states that the returned value is equal to the number of solutions stored
in array sol, that is !s. Additionally, it states that array sol is sorted and that
an array u is a solution if and only if it appears in sol.

At this point, the reader should be convinced that specification (S) is indeed
expressing that this program is computing the number of solutions to the n-
queens problem. This is slightly subtle, since the absence of duplicated solutions
is not immediate: it is only a provable consequence of sol being sorted. Our
proof includes this property as a lemma.

4.2 Correctness Proof

We now have to prove that function queens terminates and obeys specification
(S) above. As a warm-up, let us prove termination first.

4 The code with all annotations is given in the appendix.

sol elemei

predicate lt_sol (s1 s2: solution) =
∃ i: int. 0 ≤ i < n ∧
eq_prefix s1 s2 i ∧ s1[i] < s2[i]
s1 s2 megoldás előtt szerepel, ha egy indexen
kisebb s1 értéke és előtte azonos volt a prefixük

predicate sorted (s: solutions) (a b: int) =
∀ i j: int. a ≤ i < j < b → lt_sol s[i] s[j]
megoldások rendezettek, ha minden j-nél
kisebb i indexre i. megoldás a j. előtt van

polimorf

predicate eq_sol (t u: solution) =
eq_prefix t u n
t és u megoldás azonos,
ha n hosszon ugyanaz a prefixük
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Megállás biztosítása
l e t rec t ( a b c : s e t i n t )

variant { cardinal a }

=
i f not ( is_empty a ) then begin

l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

variant { cardinal !e }

l e t d = min_e l t ! e i n
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

e := remove d ! e
done ;

! f
end e l s e

1

l e t queens ( q : i n t ) =
t ( below q ) empty empty

Megállás biztosítása:
1 A rekurzív t() megáll

véges időn belül
2 A while ciklus megáll

véges időn belül

- variant: szig. mon. csökkenő kifejezés egy
jól megalapozott rendezést tekintve
- invariant: folyamatosan igaz kifejezés

- cardinal: halmaz számossága
- subset: részhalmaza-e

A cikluson belül tudott,
hogy d ⊆ e, de remove d a-hoz
elő kell írni, hogy e ⊆ a
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Megállás biztosítása
l e t rec t ( a b c : s e t i n t )
variant { cardinal a }
=

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

variant { cardinal !e }
invariant { subset !e a }
l e t d = min_e l t ! e i n
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

e := remove d ! e
done ;

! f
end e l s e

1

l e t queens ( q : i n t ) =
t ( below q ) empty empty

Megállás biztosítása:
1 A rekurzív t() megáll

véges időn belül
2 A while ciklus megáll

véges időn belül

- variant: szig. mon. csökkenő kifejezés egy
jól megalapozott rendezést tekintve
- invariant: folyamatosan igaz kifejezés

- cardinal: halmaz számossága
- subset: részhalmaza-e

A cikluson belül tudott,
hogy d ⊆ e, de remove d a-hoz
elő kell írni, hogy e ⊆ a
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Megállás biztosítása
l e t rec t ( a b c : s e t i n t )
variant { cardinal a }
=

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n
whi le not ( is_empty ! e ) do

variant { cardinal !e }
invariant { subset !e (diff (diff a b) c) }
l e t d = min_e l t ! e i n
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

e := remove d ! e
done ;

! f
end e l s e

1

l e t queens ( q : i n t ) =
t ( below q ) empty empty

Megállás biztosítása:
1 A rekurzív t() megáll

véges időn belül
2 A while ciklus megáll

véges időn belül

- variant: szig. mon. csökkenő kifejezés egy
jól megalapozott rendezést tekintve
- invariant: folyamatosan igaz kifejezés

- cardinal: halmaz számossága
- subset: részhalmaza-e

A cikluson belül tudott,
hogy d ⊆ e, de remove d a-hoz
elő kell írni, hogy e ⊆ a

Izsó Benedek Budapesti Műszaki és Gazdaságtudományi Egyetem - Hibatűrő Rendszerek Kutatócsoport
C programok formális verifikációja a Why3 keretrendszerrel



A Why3 platform N királynő probléma Algoritmus verifikációja Tételbizonyítás Összefoglalás

t függvény specifikációja q helyességéhez
l e t rec t ( a b c : s e t i n t )

requires { 0 ≤ !k ∧ !k + cardinal a = n ∧ !s ≥ 0 ∧ . . .}
ensures { result = !s - old !s ≥ 0 ∧ !k = old !k ∧ . . .

sorted !sol (old !s) !s ∧ . . .}

=
i f not ( is_empty a ) then begin

l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n

’L:

whi le not ( is_empty ! e ) do

invariant{ !f = !s - at !s ’L ≥ 0 ∧ !k = at !k ’L }

l e t d = min_e l t ! e i n
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

e := remove d ! e
done ;

! f
end e l s e

1

l e t queens ( q : i n t ) =
t ( below q ) empty empty

q specifikációja
t feltételei miatt teljesülnek
→
szükség van t specifikációjára

Requires (előfeltételek):
- eddig elhelyezett és nem elhelyezett
elemek száma n
Ensures (utófeltételek):
- visszatérési értékkel nő a
megoldások száma
- k nem változik
- sol-ba beszúrt megoldás rendezett

függvény utófeltételéhez
ciklus invariáns felvétele

- ’L: címke
- at !s ’L: s értéke ’L helyen

A ciklus futása során:
- f értéke az új megoldások
számát tartalmazza
- ami nem negatív
- k nem változik
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t függvény specifikációja q helyességéhez
l e t rec t ( a b c : s e t i n t )
requires { 0 ≤ !k ∧ !k + cardinal a = n ∧ !s ≥ 0 ∧ . . .}
ensures { result = !s - old !s ≥ 0 ∧ !k = old !k ∧ . . .

sorted !sol (old !s) !s ∧ . . .}
=

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n

’L:

whi le not ( is_empty ! e ) do

invariant{ !f = !s - at !s ’L ≥ 0 ∧ !k = at !k ’L }

l e t d = min_e l t ! e i n
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

e := remove d ! e
done ;

! f
end e l s e
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l e t queens ( q : i n t ) =
t ( below q ) empty empty

q specifikációja
t feltételei miatt teljesülnek
→
szükség van t specifikációjára
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megoldások száma
- k nem változik
- sol-ba beszúrt megoldás rendezett

függvény utófeltételéhez
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- at !s ’L: s értéke ’L helyen

A ciklus futása során:
- f értéke az új megoldások
számát tartalmazza
- ami nem negatív
- k nem változik
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t függvény specifikációja q helyességéhez
l e t rec t ( a b c : s e t i n t )
requires { 0 ≤ !k ∧ !k + cardinal a = n ∧ !s ≥ 0 ∧ . . .}
ensures { result = !s - old !s ≥ 0 ∧ !k = old !k ∧ . . .

sorted !sol (old !s) !s ∧ . . .}
=

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n

’L:whi le not ( is_empty ! e ) do
invariant{ !f = !s - at !s ’L ≥ 0 ∧ !k = at !k ’L }
l e t d = min_e l t ! e i n
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

e := remove d ! e
done ;

! f
end e l s e

1

l e t queens ( q : i n t ) =
t ( below q ) empty empty

q specifikációja
t feltételei miatt teljesülnek
→
szükség van t specifikációjára

Requires (előfeltételek):
- eddig elhelyezett és nem elhelyezett
elemek száma n
Ensures (utófeltételek):
- visszatérési értékkel nő a
megoldások száma
- k nem változik
- sol-ba beszúrt megoldás rendezett

függvény utófeltételéhez
ciklus invariáns felvétele

- ’L: címke
- at !s ’L: s értéke ’L helyen

A ciklus futása során:
- f értéke az új megoldások
számát tartalmazza
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t függvény specifikációja q helyességéhez
l e t rec t ( a b c : s e t i n t )

r equ i r e s { 0 ≤ ! k ∧ ! k + c a r d i n a l a = n ∧ ! s ≥ 0 ∧ . . .}
ensures { r e s u l t = ! s − o l d ! s ≥ 0 ∧ ! k = o ld ! k ∧ . . .

s o r t e d ! s o l ( o l d ! s ) ! s ∧ . . .}
=

i f not ( is_empty a ) then begin
l e t e = r e f ( d i f f ( d i f f a b ) c ) i n
l e t f = r e f 0 i n

’ L : whi le not ( is_empty ! e ) do
i n v a r i a n t { ! f = ! s − at ! s ’ L ≥ 0 ∧ ! k = at ! k ’ L }
l e t d = min_e l t ! e i n
f := ! f + t ( remove d a )

( succ ( add d b ) )
( pred ( add d c ) ) ;

e := remove d ! e
done ;

! f
end e l s e

1

l e t queens ( q : i n t ) =
t ( below q ) empty empty

i n v a r i a n t {

! f = ! s − at ! s ’ L >= 0 /\ ! k = at ! k ’ L /\

s u b s e t ! e ( d i f f ( d i f f a b ) c ) /\

p a r t i a l _ s o l u t i o n ! k ! c o l /\

s o r t e d ! s o l ( at ! s ’ L ) ! s /\

( f o r a l l i j : i n t . mem i ( d i f f ( a t ! e ’ L ) ! e ) −> mem j ! e −> i < j ) /\

( f o r a l l t : s o l u t i o n .

( s o l u t i o n t /\ e q _ p r e f i x ! c o l t ! k /\ mem t [ ! k ] ( d i f f ( a t ! e ’ L ) ! e ) )

<−>
( e x i s t s i : i n t . ( a t ! s ’ L ) <= i < ! s /\ eq_so l t ! s o l [ i ] ) ) /\

(∗ a s s i g n s ∗)

e q _ p r e f i x ( at ! c o l ’ L ) ! c o l ! k /\

e q _ p r e f i x ( at ! s o l ’ L ) ! s o l ( a t ! s ’ L ) }

r e
q u i r

e s
{

0
<=

! k
/\

! k
+

c a r d
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}

e n s u r e s { r e s u l t = ! s − o l d ! s >= 0 /\ ! k = o l d ! k /\

s o r t e d ! s o l ( o l d ! s ) ! s /\
( f o r a l l t : s o l u t i o n .( ( s o l u t i o n t /\ e q _ p r e f i x ! c o l t ! k ) <−>

( e x i s t s i : i n t . o l d ! s <= i < ! s /\ eq_so l t ! s o l [ i ] ) ) ) /\

(∗ a s s i g n s ∗)e q _ p r e f i x ( o l d ! c o l ) ! c o l ! k /\

e q _ p r e f i x ( o l d ! s o l ) ! s o l ( o l d ! s ) }
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Bizonyítás futtatása

Why eszköz
Why

WhyML VCgenC kód

Transzformáció Alt-Ergo

CVC3

Coq
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Bizonyítás futtatása

2 sor C kód → 46 sor kód; feltételekkel 160
ügyes algoritmus, összetett feltételek
43 bizonyítandó tétel: 37 automatikusan bizonyított
(Alt-Ergo, CVC3)
6 felhasználói segítséggel (Coq), ami néhány óra munkát jelent
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Összefoglalás

C program formális verifikációja (helyesség, terminálás)
Algoritmus kézi megfogalmazása (WhyML nyelven), de
hasonló programozási fogalmak, vezérlési struktúrák
támogatottak
Specifikáció megfogalmazása Why nyelven
Automatikus és kézi tételbizonyítók kevert használata
Túlcsordulás kezelése: tetszőlegesen nagy int típus (lassú) / n
korlátozása (64 biten n≤28)
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