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Motivdcid

Komputer-algebra rendszerek

Szimbolikus szdmitdsok automatizdldsa
Egyenletrendezés, egyszerUsités
Paraméteres egyenletmegoldds (algebrai/ODE/PDE)
Derivdlds, integrdldas
Absztrakt algebra, szdmelmélet
Vizualizdcid, interaktiv dbrdk
Stb.
Kezdetek: 60-as évek, LISP-alapon
MATHLAB, muMATH, Reduce, Derive, Macsyma (Maxima)



Motivdcio
—

11 Komputer-algebra rendszerek - kommercidlis

Wolfram Nl
\ Mathematica v
WolframAlpha

* Maple




Motivdcio
—

11 Komputer-algebra rendszerek - akadémiai

axiom

SINGULAR



Motivdcid

Muhammad T. Khan: Formal Specification of Computer
Algebra Software, (2014). PhD Disszertdcid, JKU Linz,
Konzulens: W. Schreiner.

Maple programok formdlis specifikdcidja és verifikdcidja

Maple = MiniMaple

MiniMaple tipusellenérzé

MiniMaple formdlis specifikdciéja

MiniMaple formdlis szemantikdja

»DifferenceDifferential” csomag formdlis verifikdldsa: Why3
(+ Coq, Alt-Ergo, Z3)



Maple

Imperativ programnyelv + konyvtdrak + IDE
Pascal nyomdn

Kezdetek: 1980 — University of Waterloo
1988-16l kommercidlis

Tobb mint 5000 beépitett figgvény:

szimbolikus algebra
numerikus szdmitdsok, optimalizdlds
absztrakt algebra (csoportelmélet, kommutativ algebra)
vizualizdacid
Interfész szadmos mds nyelvhez: MATLAB, Fortran, Excel,
VB, C, C#, Java, Python, Haskell, ...
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MiniMaple

— | Minittaple + Specification
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MiniMaple

Khan munkdja
A Maple nyelv egy leszikitett részhalmaza

DifferenceDifferential [Donch, 2009] csomaghoz
igazodva

Nyelvtan formdlisan specifikdlva (BNF)

Parser automatikusan generdlva ANTLR
segitségével



MiniMaple - BNF

Prog := Useq
CUseq == EMPTY | C;Cseq
C = if E then Cseq Elif end if | if E then Cseq Elif else Cseq end if
| while E do CUseq end do
| for I in E do Cseq end do
| for I in E while E do Cseq end do
| for I from E by E to E do Cseq end do
| for I from E by E to E while E do Cseq end do
| return E; | return; | error | error I, Eseq
| try Cseq Catch end | try Useq Catch finally CUseq end
| Llseq := E.Eseq | E(Eseq) | ‘type/I' :=T

Eseq 1= EMPTY | E,Eseq
E ==1| N | module() 5;:R end module;
| proc(Pseq) 5;R end proc;| proc(Pseq)::'T; S5;R end proc;
| E1 Bop E2 | Uop E | Esop | E1 and E2 | E1 or E2 | E{Eseq)
| 11:-12 | E.E Eseq | type( I'T ) | E1 = E2 | E1 <> E2
S = EMPTY | local It Itseq;S | global 1.Iseq;S | uses I Iseq;S
| export It Itseq:S
R = Cseq | Cseq:E



MiniMaple - Példaprogram
N

1. status:=0;

2. sum = proc(l:list(Or(integer float)))::[integer. float];
3 clobal status;

4 local i, x::Or{integer.float), si::integer:=0, sf::float:=0.0;
3. for i from 1 by 1 to nops(l) do
6. x:=l[i];

7 status:=i;

8 if type(x.integer) then

9 if (x = 0) then

10. return [si,sf];
11. end if;

12 si:=si+x;

13. elif type(x.float) then

14. if (x = 0.5) then
15. return [si,sf];
16. end if;

17. sf:=sf+4x:

18. end if;

19, end do;

20, status:=-1;

21. return [si,sf];

22, end proc;
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MiniMaple statikus tipusellendrzése

Dinamikusan tipusos nyelv — statikus
tipusellen6rzés??
[Fritzon, 1997]: Statikus tipusellendzés Mathematica-
hoz

[Monagan, 1993]: Gauss csomag — paraméterezett
tipusok, absztrakt tipusok (futdsidében) = domains

csomag

[Carette-Kucera, 2007]: Részleges kiértékelés



MiniMaple statikus tipusellendrzése

Kihivdsok statikus analizis szempontjabdl:
Dinamikusan tipusos nyelv - nincs statikus tipusrendszer!

Nem-standard tipusok: szimbdlumok, kiértékeletlen
kifejezések, stb.!

Deklardcié ~ értékadds!
Tipusinformdcié felhaszndlhaté eldgazdshoz!

Polimorf tipusrendszer — tipushierarchial



MiniMaple tipusrendszere

A Maple tipusannotdciéit haszndljuk statikus tipusellenérzésre

T ::= integer | boolean | string | float | rational | anything
| { T} |list( T") | [ Tseq | | procedure| T [( Tseq )
| I( Tseq ) | Or( Tseq ) | symbol | void | uneval |

Tipus hierarchia: pl. integer < rational < ... < anything
TI'pUSTeSZT: p|. if type(x, integer) then ..

Tipusannotdcidnal figyelembe kell venni (Id. a disszertdciét)
KiUlon global és local kontextus:

global: Uj valtozét értékaddssal hozzuk létre, tipusa futdsidében
valtozhat

local: Uj valtozét csak deklardljuk, tipusdt csak specializdlni lehet a
tipushierarchia szerint



MiniMaple tipusellendrzése
—

o Parser dltal generdlt AST alapjdn

- Khan dltal irt Java program: 100 osztdly, 10K LOC

/home/taimoor/antlr3/Test6.m parsed with no errors.
Generating Annotated AST...

*xkkkkkkkx COMMAND-SEQUENCE-ANNOTATION START %% %kk*kkk**
PI -> [

sum:procedure[ [integer,float]] (1ist (Or(integer,float)))
status:integer

result: [integer,float]

]

RetTypeSet -> {}

ThrownExceptionSet -> {}

RetFlag -> not_aret

*xkk*kk**k*kk*x COMMAND-SEQUENCE-ANNOTATION END#* %%k % * %%k
Annotated AST generated.

The program type-checked correctly.
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MiniMaple formdlis specifikdcidja

Formdlis specifikdciés nyelv Maple-hez
Elsérend( logika
Maple szintaxis kiegészitése
Eljdrds specifikdldsa:
proc-spec .= requires Spec-exrpr.

global Iseq:;
ensures spec-erpr; ercep-clause

Ciklus specifikdldsa:
loop-spec := invariant spec-expr; decreases spec-exrpr:;

Tipus annotdlt specifikdlt program tipushelyessége
ellenérizhets, mint elébb!



MiniMaple formdlis specifikdcidja
—

r1 Példaprogram:

status:=0;
sum := proc(l::list(Or{integer,float))):: [integer,float];
(*@

requires true;
global status;
ensures
(status = -1 and RESULT[1] = add(e, e in 1, typele,integer))
and RESULT[2] = add(e, e in 1, typele,float))
and forall(i::integer, 1<=1 and i<=nops(l) and type(l[i],integer) implies 1[i]<>0)
and forall(i::integer, 1<=1 and i<=nops(l) and type(l[i],float} implies 1[i]>=0.5))
or
(1<=status and status<=nop=(1l)
and RESULT[1] = add(1[i], i=1..status-1, type(l[i],integer))
and RESULT[2] = add(1[i], i=1..status-1, type(l[i],float))
and ((type(llstatus],integer) and 1[status]=0}
or (type(llstatus],float) and l[status]<0.5))
and forall(i::integer, 1<=1i and i<status and type(l[il,integer} implies 1[i]<>0}
and forall(i::integer, 1<=i and i<status and type(1l[i],float) implies 1[i]>=0.5));
@)
global status;
local i,x::0r(integer,float), si::integer:=0, sf::float:=0.0;
for i from 1 by 1 to nops(l) do
(%0
invariant (status <= i and
(si = add(1[j], j=1..status, type(l[j],integer)) and
sf = add(1[j], j=1..status, type(l[jl,float)) and
forall(il::integer, 0 <= i0 and i0 <= status and type(l[i0],integer)
implies 1[i01<>0) and
forall(i0::integer, 0 <= i0 and i0 <= status and type(1l[i0],float)
implies 1[i0]>=0.5)
)

or

( si = add(1[j1, j=1..status-1, type(l[j],integer)) and
sf = add(1[j1, j=1..status-1, type(l[jl,float)) and
((type(l[status] ,integer) and 1l[status]=0)
or (type(l[status],fleat) and 1l[status]<0.5)) and
forall(i0::integer, 0 <= i0 and i0 <= status and type(1[i0],integer)
implies 1[10]<>0) and
forall(i0::integer, 0 <= i0 and i0 <= status and type(1l[i0],float)
implies 1[i0]>=0.5)
P
decreases (nops(l) + 1 - 1);
@*)
x:=1[1];
status:=1i;
if type(x,integer} then
if (x = 0) then
return [si,sf];
end if;
ai:=gitx;
elif type(x,float) then
if (x < 0.5) then
return [si,sf];
end if;
sfi=sf+x;
end if;
end do;
status:=-1;
return [si,sf];
end proc;
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Why3

Verifikdcids eszkoz a Why3ML nyelvhez
INRIA /LRI /CRNS (Francico.)
Why3ML: funkciondlis, ML-alapi nyelv
Why3ML kéd =2 verifikdcids feltételek
Verifikdcids feltételek 2 Why-kéd: logikai
specifikdacids nyelv
Why-kéd =2 Tételbizonyiték/ SMT megoldék

Coq

Alt-Ergo

Z3

Stb.



Why3

File.mlw
) WhyML
File.why (V.C. Generation)
Why
(translation/transformation
+ run)

o

Coq Alt-Ergo | |Gappa Z3 etc.




MiniMaple formdlis szemantikdja

Why3ML-re valé forditdshoz definidlni kell a
szemantikat!

Nincs formdlisan definidlt szemantika Maple-hez —
az implementdciét kell alapul venni.

Jellegzetességek:

Vannak mellékhatdsok (nem funkciondlis jellegl nyelvl)
Denotdcids szemantika

Statikus scoping

Részleteket Id. a disszertdcioban!



MiniMaple =2 Why3ML

MiniMaple forditdsa Why3ML-re — kihivdsok:
MiniMaple-ben van return, Why3ML-ben nincs!
Megoldhaté kivételkezeléssel
Why3ML csak néhdny tipust (integer, real, string, tuple, list)
tadmogat
Minden MiniMaple tipus axiomatizalhaté
MiniMaple tadmogat egy Unid-tipust (Or)
Pattern matchinggel implementdlhaté

Forditds helyessége rigorézusan bizonyitott — Id. A
disszertdciot!

Khan implementdcidja: Java-ban — 80+ osztdly, 5K+
LoC



MiniMaple forditdsa Why3ML-re

theory SumList

use export
use export
use export
use export
use export

type or_integer_float = Integer int | Real real

int.Int
real.RealInfix
list.List
list.Length
list.Nth

{ sum integers among the first j elements of & )

function add_int (e: list or_imteger_float) (j: int) :

if j <= 0 then 0 el=se

match e with

| Hil -= @

| Cons (Integer m) t -> n + add_int © (j-1)
| Cons _ t -> add_int t (j-1)

end

{# sum reals among the first j elements of & #)

function add_real (e: list or_imteger float) (j: imt) : real =

if j «= 0 then 0.0 else
match e with
| Bil -» 0.0
| Cons (Real x} t -» x +. add_real t (j-1)
| Cons _ t -> add_real © (j-1)
end
end
module SumlistImpl

use import Sumlist
use import module ref.Ref

val status: ref int
exception Break

val get (m: int) (1: list 'a) :

{0« mn<length 1} ‘a{nthnol - Some result }

let sum (1: list or_integer _fleat) : (int, real) =
{ trus }
status = 0;
let 51 = ref 0 in
let sf = ref 0.0 in
Ty
for i = 0 to length 1 - 1 do

invarisnt { ( 1 =0 /% !status = 0 /% lsi = O /Y lsf = 0.0

\¥
10/ letatus = 1-1

forall j: imnt. O <= j <= lstatus -»

match nth j 1 with
| Nome -»> false
| Some y -*> match y with

| Integer o -> m <> 0

| Real T -> T »=,
end
end M\
'gi = add_int 1 (!status + 1) /\

0.5

3

!gf = add_real 1 (!status + 1))
T
status 1= i;
match get 1 1 with
| Integer m -» if m = 0 then raise Break; =i := !si + o
| Real ©r -» if r <. 0.5 then raise Break; =f := !sf +. r
end

done;

status = -1;

('si, !sf)
with Break -»

('si, !sf)
end

{ let (=i, sf) = result imn
{ 'status = -1 /\
forall j: imt. 0 <= j < (length 1)} ->
match nth j 1 with
| None -> false
| Some y -> match y with
| Integer m —> m <> 0
| Real T -> ¢ »=. 0.5
end
end
51 = add_int 1 (lemgth 1) /\ sf = add_real 1 (length 1} )
A"
{ 0 <= lztatns < length 1 /%
match nth !status 1 with
| None -> false
| Bome y -> match y with
| Integer n -*> m = 0
| Real r -> r <. 0.5
end
end /N
forall j: int. 0 <= j < !status -»
match nth j 1 with
| None -> false
| Some y -> match y with
| Integer m —> m <> 0
| Beal r => r »>=. 0.5
end
end
51 = add_int 1 !status /Y sf = add_real 1 !status }



Verifikdc

i6 Why3-vel

Why3 Interactive Proof Session

Context Theories/Goals Status Time 662 | None -> alse
® unproved goals ¥ @ sum_listoo-for-thesis.mlw @ ggi Ism:':‘tecl'!:;with
) All goals v @ sumList @ 665 | Integern->notn=0
B » (A add_int_right (%) 666 |Real1r1->r1>=0.5
R » (1 add_int_right2 @ gg; e:; ’.d\
Alt-Ergo (0.94) » (1 add_realright v 669 si=add_int [ (status3 + 1) /\
A add_real._rlghtz @ g;s - sF1=add_real | (status3 + 1))
v @ WP sumListimpl @ 672 end
Coq (8.3pl4) v (1 parameter sum (©] 673
Gappa (0.16.0) v & split_goal @ 65 let sum (l: list or_integer_float) : (int, real) =
» (1 normal postcondition @ 66 {true} i
PR 67 status:=0;
pass (3.5) » (1 forloop initialization 68 letsi=ref0in
A

73(2.2) & forloop preservation 69 letsF=ref0.0in

* (1 normal postcondition 70 try
Transformations a P 2 71 fori=[ to lengthl=1 do
72 invariant { (i=0/\!status =0 /\!si=0/\!sF=0.0 )
73 [0y
74 (i=>0/\!status =i-1 /\
75 Forall j: ink. 0 <=j <=Istatus ->
Tooks 76 match nthj l with
77 | None -> False
78 | Some y -> makch y with
79 | Integer n->n <> 0
80 |Realr->r>=0.5
81 end
Cleaning 82 end A\
83 Isi = add_int | ('stakus + 1) /\
84 Isf =add_real | (!status + 1))
8 |}
Cleap 86 status :=i;
Proof monitoring 87  matchgetilwith
Waiting: 0 88 |Integer n->if n=0then raise Break; si:=!si+n
scheduled: 0 89 | Realr->ifr <. 0.5 then raise Break; sf:=!sf+.r
Running: 0 90|  end
2 state
92 skatus :=-1;
93 (isi, !sF)
94  with Break ->
95 (isi, !sF)
96 end
97 {let(si, sf) =resultin
98 (Istatus =-1

N
99 forall j:int. 0 <=j < (lengthl) >
100  match nthjlwith
101 | None->false
102 | Somey->matchywith

103 | Integer n->n <> 0
104 |Realr->r==.0.5
105 end

106 endf\



Verifikdcié Why3-vel - Példaprogram
_
11 Hidnyzé lemmdk (4 db)
Manudlisan kell hozzdadni
Interaktiv bizonyitds Coqg-kal
o Verifikdcié automatikus tételbizonyitokkal
Alt-Ergo
Z3



DifterenceDifferential csomag

e 7 o

verifikdacidja

DifferenceDifferential Maple csomag — ,,Hilbert-
polinom” szdmitdsa differencidlis idedlokra (relativ
Grobner bdzis)

Alacsony és magas szintl eljardsok

Tipusellendrzés:
Annotdciok hozzdaddsa manudlisan

Ellen6rz6 nem talalt silyos hibdt, csak azonositott
potencidlisan ,,veszélyes” kdédrészeket

Deklardlt, de nem haszndlt valtozdk

Globdlis és lokdlis scope-ban dupldan deklaralt valtozék



DifferenceDifferential csomag

e 7 o

verifikdcidja
-—

1 Formadlis specifikdcié:

High Level Procedures

Specification
Implementation —[

Call LAbst ract data-type-based
Concrete data-type-based

Low Level Procedures

Specification —
Implementation —




DifterenceDifferential csomag
verifikdcidja
_
71 Verifikdcié Why3-vel:
80%-ban automatikus
mZ3
m CVC3
m Alt-Ergo
20%-ban interaktiv (alacsony szint: hidnyzé lemmdk,
magas szint: minden)

m Coq



DifferenceDifferential csomag

e 7 o

verifikdacidja

7 Why3

Why3 Interactive Proof Session

Interrupt

> ([ precondition
> (1 precondition
» (A precondition
> (A precondition
» (A normal postcondition
» ([ forloop initialization
> El for loop preservation
> (1 precondition
> ([ precondition
> (1 precondition
» (A precondition
> ([ precondition

866 let (z1,22,23,z4) ='b1in
867 let (z11,222,233,z44) = b2 in
868 let (z111,2222,2333,z444) =s1in
869 let (z1111,22222,23333,z4444) =t1in
870 letio=refDin
871 fori =1i0 to lanzdelta do
872 invariant { length z2 = 1anzdelta /\ length z22 = lanzdelta /\ length z222 = lanzdelta /\ length z22
873 let(z10, 220, z30, z40) =!b1 in
874 (Forallj: int. 0 <=j /\ j <i-> exists jO: int, j1: inkt, j2: int. nth j z20 =Some jo /\
875 nthjz2=Somej1 /\nthjz222=Somej2 Ajo=j1-j2) A\
876 (Forall m: int. i <=m /\ m <lanzdelta -> exists m0: int. nth m z2 = Some m0 /\ nth m z20 = Som
2220,2330,2440) ='b2in
file: output/../output.mlw

Context Theories/Goals Status Tim{ 2172 int, list int,
2173 symbol).
@ Unprovedgoals |* (@ output.mlw @ Sira Th = result10->
A ¥ @ MyTheory (V) 2175 (let ad =
) All goals
» (1 add_symbolo ] 2176 to_abstract_addo
) |3 o o | et
Alt-Ergo (0.94) » [ sub_symbolo @ 2179 generators1)
4 sub_symbol1 2180 spoin
Va3 (2.4.9) Q subsy 2 2181 isAddo ad = True /\
» (A abstract_concrete (<) 2182 ad=
Coq (8.3pl4) » (A isddo_isaddoo (V] 2183 sPol
> isaddoterm_ddotermo 2184 (to_abstract_addo
Gappa (0.16.0) . a —— o 2185 (anzdeltat,
ﬁ EnzsIonal @ 2186 anzsigma1,
Spass (3.5) » (A anzdeltao () 2187 generators1)
( v WP DifferenceDifferential I s)
3(22) L ' renc_e iHerentia @ 2189 (to_abstract_addo
Transformations > @ parameterdi 2 2y (anzdeltat,
» (A parameter vergleichee (<) 2191 anzsigma1,
Split » (A parameter test1 ) 2192 generators1)
2193 E)v4si4
Inline - 2 2194 REDNININI]
L » (3 parameter testiabs [v] 2195 end
e » (1 parametersign [V} 2158
Edit » (A parameter sigmamax [ ]
Replay > (@ parameter verify @ 851 let orthn = ref (anyint) in
i » (1 parameter deleteintegerlist () 852 let f =ref (any ddo) in
R » (1 parameter deletelistddo0 () 853 let g = ref (any ddo) in .
Frem— X 854 let b1 =ref (any ddoterm) in
:J » (A parameter gleicheterme (<] 855 let b2 =ref (any ddoterm) in
Clean » (A parameter ddsub Q 855:et cl :refEany g:o) in
857 let c2 =ref (any ddo) in
Proof monitoring > @ parameter ddprod 858 let sp0 = ref (any ddo) in
Waiting: 0 859 let d1 =ref (any ddoterm_wo_generator) in
scheduled: 0 v Q split_goal ) 860 let d2 =ref (any ddoterm_wo_generator) in
Running: 0 > (1 precondition ) gg; ?T;'.":l'
@
@
V]
@
(Y]
@
@
@
@
@
V]
@




Osszefoglalds

Komputer-algebra programok verifikdciéja — nyitott
probléma

Khan: az elsé eredmények Maple verifikdcidjara
Maple+Specifikacié =2 Tipusellendrzés 2 Why3ML
kéd =2 Verifikdcid Why3-vel

Nyitott kérdések, problémdk:

Automatikus verifikdcié — hidnyzé lemmdk automatikus
generdldsa

Kiterjesztés Mathematica-ra — szabdly alapu nyelv!
Konverzié procedurdlis nyelvre?


http://www.risc.jku.at/people/mtkhan/dk10/software.html
http://www.risc.jku.at/people/mtkhan/dk10/software.html

Koszonom a
figyelmet!



